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Abstract
Arhangel’skii proved that if a first countable Hausdorff space is Lin-
delo¨f, then its cardinality is at most 2ℵ0 . Such a clean upper bound for
Lindelo¨f spaces in the larger class of spaces whose points are Gδ has been
more elusive. In this paper we continue the agenda started in [50], of con-
sidering the cardinality problem for spaces satisfying stronger versions of
the Lindelo¨f property. Infinite games and selection principles, especially
the Rothberger property, are essential tools in our investigations1.
A topological space is Lindelo¨f if each open cover contains a countable subset
that covers the space. Alexandrov asked if in the class of first countable Haus-
dorff spaces, every Lindelo¨f space has cardinality at most 2ℵ0 . Arhangel’skii [1]
proved that the answer is “yes”. This focuses attention on the larger class of
spaces in which “points are Gδ” - i.e., the class of topological spaces in which
each point is an intersection of countably many open sets. Such spaces are T1
but not necessarily Hausdorff. Arhangel’skii showed that in the class of spaces
with points Gδ each Lindelo¨f space has cardinality less than the least measur-
able cardinal. Juha´sz [26] showed that this bound is sharp: There are such
Lindelo¨f spaces of arbitrary large cardinality below the least measurable car-
dinal. Juha´sz’s examples are not Hausdorff spaces and the cardinality of the
underlying spaces has countable cofinality. Shelah [44] showed that no Lindelo¨f
space with points Gδ can be of weakly compact cardinality. Gorelic [19] showed
that it is relatively consistent that the Continuum Hypothesis (CH) holds, that
2ℵ1 is arbitrarily large, and there is a zero-dimensional regular Lindelo¨f space
with points Gδ and of cardinality 2
ℵ1 . This improved earlier results of She-
lah [44], Shelah-Stanley [45] and Velleman [58] which showed that either by
countably closed forcing, or by assuming V=L, one could obtain such a space
of cardinality ℵ2, consistent with CH. Little else is known about cardinality
∗Research supported by Grant A-7354 of the Natural Sciences and Engineering Research
Council of Canada
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and the Lindelo¨f property in the class of spaces with points Gδ
2. It is not even
known (absolutely or consistently) if all such T2 spaces have cardinality ≤ 2ℵ1 .
This cardinality problem is of interest also for stronger versions of the Lin-
delo¨f property. An interesting strengthening of the Lindelo¨f property is identi-
fied and studied in [50]: Call a Lindelo¨f space indestructibly Lindelo¨f if in any
generic extension by a countably closed partially ordered set the space is still
Lindelo¨f. [50] Theorem 19 shows that Juha´sz’s examples are destructible. And
[50] Theorem 4 shows, assuming large cardinals, that it is consistent that in the
class of spaces with points Gδ, each indestructibly Lindelo¨f space has cardinal-
ity at most 2ℵ0 . It is also shown in [50] (in the paragraph following Theorem
18) that Gorelic’s space is indestructibly Lindelo¨f. Thus, the statement that
indestructibly Lindelo¨f spaces with points Gδ are of cardinality ≤ 2ℵ0 is (mod-
ulo large cardinals) independent. This independence can also be obtained in
another way if the separation hypothesis is weakened: A. Dow [13] showed that
adding ℵ1 Cohen reals converts every ground model Lindelo¨f space to an inde-
structibly Lindelo¨f space in the generic extension. This gives the consistency of
the existence of non-T2 indestructibly Lindelo¨f spaces with points Gδ of arbi-
trary large cardinality below the first measurable cardinal: Juha´sz’s spaces from
the ground model retain their cardinality but acquire Lindelo¨f indestructibility,
and measurable cardinals from the ground model remain measurable.
[50] Theorem 3 gives a combinatorial characterization of indestructibly Lin-
delo¨f. In Section 1, starting from this combinatorial characterization, we show
how to characterize indestructibly Lindelo¨f game-theoretically (Theorem 1) and
examine the determinacy of this game. This analysis leads us to two natural
strengthenings of indestructibly Lindelo¨f. For one of these strengthenings, all
spaces with points Gδ and this strengthening have cardinality ≤ 2ℵ0 (Theo-
rem 2). The classical selection property introduced by Rothberger is the other
natural strengthening (Corollary 10). These topics are illustrated with some
examples collected in Section 4.
In Section 2 we focus on the Rothberger property. In [15], using the technique
of n-dowments, it was shown that a variety of non-covering and non-generalized-
metric properties were preserved by Cohen reals. Since these arguments mimic
measure-theoretic ones, the same preservation arguments work for adding ran-
dom reals. This work was extended by [20] and by [23]. It turns out that
covering properties are also often preserved. From this previous work, it was
not at all evident that there would be some covering or non-covering properties
which would be preserved by one of these kinds of extensions, but not the other.
Here we shall show that while “non-Rothberger” is not preserved by Cohen ex-
tensions (of uncountable cardinality) it is preserved by random real extensions.
Specifically: We show that forcing with κ Cohen reals (κ uncountable) con-
verts all ground model Lindelo¨f spaces to spaces with the Rothberger property
(Theorem 11). This improves the above-mentioned result of A. Dow. We show
2R. Knight has published a paper [28] claiming that V = L implies there are Lindelof
spaces with points Gδ of size ℵn, for each n ≤ ω (See Theorems 3.6.1, 3.6.2 and 3.6.3 of [28]).
Questions have been raised as to whether the proof is correct. In [50] a similar result was
attributed to C. Morgan, but that proof turned out to be incorrect.
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that forcing with κ random reals preserves the Rothberger property, and for a
large class of spaces, forcing with κ random reals preserves the non-Rothberger
property (Theorems 14 and 16). We also show that Rothberger spaces not only
retain the Lindelo¨f property under countably closed forcing (since they are inde-
structibly Lindelo¨f) but in fact they retain the Rothberger property (Theorem
20).
These three results lead to several illuminating pieces of information about
the (insufficiently studied) Rothberger property in general spaces: Every Roth-
berger space with points Gδ has cardinality no larger than the least real-valued
measurable cardinal (Theorem 23). If it is consistent that there is a measurable
cardinal, then it is consistent that all Rothberger spaces with points Gδ have
cardinality at most 2ℵ0 . (Even T3) Rothberger spaces of cardinality larger than
ℵ1 need not contain a Lindelo¨f subspace of cardinality ℵ1. However it is consis-
tent, assuming the consistency of the existence of a measurable cardinal, that
Rothberger T2 spaces of character less than or equal to ℵ1 include Rothberger
subspaces of size at most ℵ1 (Theorem 34). We also find a new forcing proof for
Shelah’s result that there is no points Gδ Lindelo¨f topology on a set of weakly
compact cardinality (Proposition 33).
In Section 3 we examine a covering property introduced by Gerlits and Nagy
[18]. The Gerlits-Nagy property is closely related to the Rothberger property.
Indeed, for regular spaces it is undecidable by ZFC whether these two proper-
ties are different. Study of the Gerlits-Nagy property requires considering the
preservation, by forcing, of selection properties introduced by Hurewicz. One
of these selection properties is called the Menger property, and the other the
Hurewicz property. Unlike the Menger property and the Rothberger property,
both Cohen real and random real forcing preserve being not Hurewicz (The-
orems 36 and 40). While Cohen real forcing does not preserve the Hurewicz
property in general, random real forcing does (Theorem 43). We also found a
class of separable metrizable spaces (which include Sierpin´ski sets) for which
Cohen forcing does preserve the Hurewicz property (Theorem 37). Thus it
is consistent that the square of a set of real numbers with the Gerlits-Nagy
property need not have the Gerlits-Nagy property (Corollary 47). This solves
Problem 6.6 of [55].
In Section 4 we remark on a few examples in light of our results. We show
that Gorelic’s example has both the Rothberger and Hurewicz properties while
Juha´sz’s examples have the Hurewicz property but not the Rothberger property.
Acknowledgement: We thank the referee for a very careful reading of the
paper, and for pointing out that Cohen real forcing does not in general preserve
the Hurewicz property.
1 Indestructibly Lindelo¨f and an infinite game.
Let A and B be collections of sets and let α be an ordinal number. Then the
game Gα1 (A,B) between players ONE and TWO is played as follows: They play
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an inning for each β < α. In the β-th inning ONE first chooses some Uβ ∈ A;
TWO responds by choosing some set Tβ ∈ Uβ. A play
U0, T0, · · · , Uβ , Tβ, · · · : β < α
is won by TWO if {Tβ : β < α} is a member of B; else, ONE wins.
Let O denote the set of all open covers of space X . In [17] Galvin introduced
the version Gω1 (O,O) of the above game.
A collection (Uf : f ∈
⋃
α<ω1
αω) of open subsets of a space X is said to
be a covering tree if for each α < ω1, for each f ∈ αω, the set {Uf⌢{(α,n)} :
n < ω} is a cover of X . In Theorem 3 of [50] it is proved that a space X
is indestructibly Lindelo¨f if, and only if, it is Lindelo¨f, and for each covering
tree (Uf : f ∈
⋃
α<ω1
αω) of X there is an f ∈
⋃
α<ω1
αω, such that the set
{Uf⌈β : β < domain(f)} is a cover of X .
Theorem 1 For a Lindelo¨f space X the following are equivalent:
1. X is indestructibly Lindelo¨f.
2. ONE has no winning strategy in Gω11 (O,O).
Proof: To see that (1) ⇒ (2), observe that if F is a strategy for player ONE
then there is a natural covering tree associated with F : We may assume, since
X is Lindelo¨f, that in each inning F calls on ONE to play a countable open
cover of X . Thus enumerate ONE’s first move F (∅) as (U(0,n) : n < ω). When
TWO chooses U(0,n0) ∈ F (∅), ONE’s response F (U(0,n0)) may be enumerated
as (U{(0,n0), (1,n)} : n < ω). When TWO chooses U{(0,n0), (1,n1)} ∈ F (U{(0,n0)}),
ONE’s response F (U(0,n0), U{(0,n0), (1,n1))}) is enumerated as (U{(0,n0), (1,n1),(2,n))} :
n < ω), and so on.
This produces the covering tree (Uf : f ∈
⋃
α<ω1
αω) of X , associated as
above with ONE’s strategy F . Now apply the fact that X is indestructibly
Lindelo¨f to find an α < ω1 and an f ∈ αω such that {Uf⌈β : β < α} is a cover
of X . TWO wins the play
F (∅), Uf⌈1 , F (Uf⌈1), · · · , F (Uf⌈β : β < γ), Uf⌈γ+1 , · · · ,
demonstrating that F is not a winning strategy for ONE.
To see that (2) ⇒ (1), observe that a covering tree rather directly defines
a strategy of ONE in the game Gω11 (O,O), and that a winning play of TWO
against this strategy witnesses the indestructibility of X for this covering tree.

Theorem 1 suggests a number of at least formal strengthenings of the no-
tion of indestructibly Lindelo¨f. We consider specifically the following two: One
strengthening is to require that TWO has a winning strategy in Gω11 (O,O); the
second is to require that ONE has no winning strategy already in the shorter
game Gω1 (O,O).
When TWO has a winning strategy
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If TWO has a winning strategy in Gω11 (O,O) then every open cover of the
space contains a subcover of cardinality at most ℵ1. In Theorem 2 we do not
assume that the space is Lindelo¨f and use an idea of F. Galvin [17] in the proof.
Theorem 2 Let X be a space in which each point is a Gδ. If TWO has a
winning strategy in the game Gω11 (O,O) then |X | ≤ 2
ℵ0 .
Proof: Since each point of X is a Gδ, fix for each x ∈ X a sequence (Un(x) :
n < ω) of open sets with {x} =
⋂
n<ω Un(x). Let F be a strategy for TWO.
Let α < ω1 as well as a sequence (Uβ : β < α) of open covers of X be given.
Claim 1: There is an x ∈ X such that for each open set U ⊆ X with x ∈ U ,
there is an open cover U of X with
U = F ((Uβ : β < α) ⌢ (U)).
Proof of Claim 1: If not, choose for each x ∈ X an open set Ux ⊆ X with x ∈
Ux and Ux is a counterexample to the above statement. Put U = {Ux : x ∈ X}.
Then U is an open cover of X , and F ((Uβ : β < α) ⌢ (U)) ∈ U , contradicitng
the definition of members of U .
By the claim choose x∅ ∈ X so that there is for each open set U with x∅ ∈ U
an open cover U of X with U = F (U). For each n choose an open cover U{(0,n)}
of X with Un(x∅) = F (U{(0,n)}).
For each n < ω choose x〈n〉 for open cover U{(0,n)} as in the claim. Then,
for each n0 and for each n choose an open cover U{(0,n0),(1,n)} of X such that
Un(x〈n0〉) = F (U{(0,n0)},U{(0,n0),(1,n)}).
Then for each n0, n1 < ω choose x〈n0, n1〉 ∈ X as in the claim for the sequence
(U{(0,n0)},U{(0,n0),(1,n)}) of open covers. For each n < ω choose an open cover
U{(0,n0), (1,n1), (2,n)} of X such that
Un(x〈n0, n1〉) = F (U{(0,n0)},U{(0,n0),(1,n)}, U{(0,n0), (1,n1), (2,n)}),
and so on. In general, let α < ω1 be given and assume we have selected for each
f ∈
⋃
β<α
βω points xf ∈ X and open covers Uf of X such that for all β < α
and for f ∈ βω and n < ω,
Un(xf ) = F ((Uf⌈γ : γ < β) ⌢ (Uf∪{(β,n)})).
Consider f ∈ αω. Applying Claim 1 to the sequence (Uf⌈β : β < α) of open
covers, choose an xf ∈ X as in Claim 1. Then for each n < ω choose an open
cover Uf∪{(α,n)} of X with
Un(xf ) = F (Uf⌈β : β < α) ⌢ (Uf∪{(α,n)})).
This specifies how to recursively choose for each f ∈
⋃
α<ω1
αω a point
xf ∈ X and an open cover Uf such that for each such f and each n < ω, if
f ∈ γω, then
Un(xf ) = F (Uf⌈β : β < γ)⌢ (Uf∪{(γ,n)})).
Note that {xf : f ∈
⋃
α<ω1
αω} has cardinality at most 2ℵ0 .
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Claim 2: X = {xf : f ∈
⋃
α<ω1
αω}.
Proof of Claim 2: For if not, choose x ∈ X \ {xf : f ∈
⋃
α<ω1
αω}. Choose
n0 with x 6∈ Un0(x∅). ONE plays U{(0,n0)} and TWO responds using F . Choose
n1 with x 6∈ Un1(x〈n0〉). Next ONE plays U{(0,n0),(1,n1)} and TWO responds
using F , and so on. In this way we build an F -play which is lost by TWO since
TWO never covers the point x. This contradicts the fact that F is a winning
strategy for TWO. 
A result of [12] can be formulated as follows.
Theorem 3 (Daniels-Gruenhage) If X is hereditarily Lindelo¨f then TWO
has a winning strategy in Gω11 (O,O).
Combining Theorems 2 and 3 gives a new proof for an old result of de Groot:
Corollary 4 If X is hereditarily Lindelo¨f and each point is a Gδ-set, then |X | ≤
2ℵ0 . Thus if X is hereditarily Lindelo¨f and T2, then |X | ≤ 2
ℵ0 .
Determinacy of the game Gω11 (O,O)
If a topological space X has cardinality ≤ ℵ1, then TWO has a winning
strategy in Gω11 (O,O) on that space. Thus:
Corollary 5 Assume the Continuum Hypothesis. For a Lindelo¨f space X with
points Gδ the following are equivalent:
1. TWO has a winning strategy in Gω11 (O,O).
2. |X | ≤ ℵ1.
An infinite two-player game in which neither player has a winning strategy
is said to be undetermined. In the class of Lindelo¨f spaces with points Gδ the
determinacy of the game Gω11 (O,O) is (modulo large cardinals) independent of
ZFC. This can be seen as follows:
Theorem 6 (Gorelic, [19]) For any cardinal number ℵα it is consistent, rel-
ative to the consistency of ZFC, that 2ℵ0 = ℵ1 and there is a zero-dimensional
Lindelo¨f space X with points Gδ and |X | = 2ℵ1 ≥ ℵα.
Shelah’s earlier proof of consistency of existence of such a space in a model
where ℵ1 = 2ℵ0 < 2ℵ1 = ℵ2 finally appeared in [44]. Note that such a space is
necessarily T3: points Gδ implies T1, and T1 plus zero-dimensional implies T3.
Tall showed in [50] that both Shelah’s and Gorelic’s examples are indestructibly
Lindelo¨f. Theorems 1 and 2 imply that the game Gω11 (O,O) is undetermined on
these two spaces.
In Theorem 4 of [50] it is proved consistent, relative to the consistency of
the existence of a supercompact cardinal, that the indestructibly Lindelo¨f spaces
with points Gδ are of small cardinality:
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Theorem 7 (Tall) If it is consistent that there is a supercompact cardinal, then
it is consistent that the Continuum Hypothesis holds and every indestructibly
Lindelo¨f space with points Gδ is of cardinality ≤ 2ℵ0 .
This yields the following determinacy result:
Corollary 8 If it is consistent that there is a supercompact cardinal, then it is
consistent that the game Gω11 (O,O) is determined on all Lindelo¨f spaces with
points Gδ.
Proof: Consider a model of Theorem 7. CH holds in this model. Consider in
this model a Lindelo¨f space X with points Gδ. If |X | ≤ ℵ1 then by Corollary
5 TWO has a winning strategy in Gω11 (O,O). If |X | > ℵ1, then by Theorem
4 of [50], X is destructible. By Theorem 1 ONE has a winning strategy in
G
ω1
1 (O,O). 
When ONE does not win the shorter game Gω1 (O,O)
There is a natural selection principle associated with the game Gα1 (A,B):
The symbol Sα1 (A,B) denotes the statement:
For each sequence (Aγ : γ < α) of elements of A, there is a sequence
(Bγ : γ < α) such that for each γ we have Bγ ∈ Aγ , and {Bγ : γ <
α} ∈ B.
If κ is an initial ordinal with the same cardinality as α, then Sκ1 (A,B) holds if,
and only if, Sα1 (A,B) holds. Thus, we consider S
α
1 (A,B) only for initial ordinals.
If ONE does not have a winning strategy in Gα1 (A,B), then S
α
1 (A,B) holds.
Thus, if X is indestructibly Lindelo¨f, then it has the property Sω11 (O,O). This
observation gives an easy proof that the compact space ω12 is not indestructibly
Lindelo¨f: For α < ω1 put U
α
i = {f ∈
ω12 : f(α) = i}. Then each Uα :=
{Uα0 , U
α
1 } is an open cover of
ω12 and the sequence (Uα : α < ω1) witnesses that
S
ω1
1 (O,O) fails for this space.
Problem 1 When does Sω11 (O,O) imply that ONE has no winning strategy in
G
ω1
1 (O,O)?
Rothberger introduced the selection property Sω1 (O,O) in [40]. Spaces with
the property Sω1 (O,O) are said to have the Rothberger property, and are called
Rothberger spaces. We shall use the notation Sω1 (O,O) and the terminology
“Rothberger space”. Note that the Rothberger property is inherited by closed
subspaces and preserved by countable unions and continuous images. We shall
often use the following observation about spaces X with the property Sω1 (O,O):
for each sequence (Un : n < ω) of open covers of X there is a sequence (Un : n <
ω) such that for each n, Un ∈ Un, and for each x ∈ X the set {n : x ∈ Un} is
infinite. This follows by partitioning ω into countably many disjoint infinite sets
(Sn, n < ω), and then applying S
ω
1 (O,O) to each of the sequences (Un : n ∈ Sm),
m < ω, of open covers of X .
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Theorem 9 (Pawlikowski, [37]) A topological space X has property Sω1 (O,O)
if, and only if, ONE has no winning strategy in the game Gω1 (O,O).
If ONE has no winning strategy in Gω1 (O,O), then ONE has no winning
strategy in Gω11 (O,O). It follows that:
Corollary 10 Rothberger spaces are indestructibly Lindelo¨f.
Unlike the case with the game Gω11 (O,O) (see Corollary 8), the game G
ω
1 (O,O)
is provably undetermined in the class of points Gδ Lindelo¨f spaces: J.T. Moore’s
L-space (Section 4, Example 2) and Todorcˇevic’s stationary Aronszajn lines
(Section 4, Example 6). These are uncountable Rothberger spaces with points
Gδ. Since these spaces are Rothberger spaces, Pawlikowski’s Theorem implies
that ONE has no winning strategy in Gω1 (O,O). In [17] Galvin proved that if
TWO has a winning strategy in Gω1 (O,O) in a points Gδ Lindelo¨f space X , then
X is countable. Since Moore’s and Todorcˇevic’s spaces are uncountable, also
TWO has no winning strategy in Gω1 (O,O).
Examples 2 and 3 are spaces of cardinality ℵ1, and the spaces of Example 6
can also be taken to be of cardinality ℵ1. Thus, for each of these spaces TWO
has a winning strategy in Gω11 (O,O). In Section 4, Example 3 we examine
Gorelic’s space more closely and show that it is a Rothberger space, whence
ONE has no winning strategy in Gω1 (O,O) and TWO has no winning strategy
in Gω11 (O,O) on this example.
As will be seen later, in the class of metrizable spaces the determinacy of
the game Gω1 (O,O) is independent of ZFC.
2 The Rothberger property
The Rothberger property arose in connection with the classical Borel Conjec-
ture. E. Borel [8] defined a subset X of the real line R to be strong measure
zero if: For each sequence (ǫn : n ∈ N) of positive real numbers there is a
sequence (In : n ∈ N) of open intervals such that for each n length(In) ≤ ǫn,
and X ⊆
⋃
n∈N In. Borel conjectured that all strong measure zero sets of reals
are countable. The statement that strong measure zero sets of real numbers
are countable sets is known as the Borel Conjecture. Rothberger [40] showed
that for metrizable spaces the Rothberger property implies strong measure zero.
Indeed, for metrizable spaces the Rothberger property is equivalent to having
strong measure zero in all equivalent metrics [16].
Rothberger spaces have been rarely considered outside the metric context.
Indeed, to our knowledge, cardinality restrictions on Rothberger spaces have
received no prior attention outside the metric context.
Rothberger spaces and Cohen reals
For an infinite cardinal number κ, let Fn(κ, 2) denote the set of finite binary
functions with domain a finite subset of κ. For f and g elements of Fn(κ, 2)
write f < g to denote that f extends g. Thus, (Fn(κ, 2), <) is one of several
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partially ordered sets for adding κ Cohen reals. Fn(κ, ω), the set of functions
with domain a finite subset of κ and values in ω, and with the same order as
above, leads to the same generic extension. We shall use the symbol P(κ) to
denote either of these posets for adding κ Cohen reals.
Theorem 11 Let κ be an uncountable cardinal number. If X is a Lindelo¨f
space, then 1P(κ) ‖− “Xˇ has property S
ω
1 (O,O)”.
Proof: Let X be a Lindelo¨f space. Let κ be an uncountable cardinal. Every-
where below when we write P(κ), we may consider this forcing as expressed as
P(κ+ω1). It is known (see [13] or [20]) that 1P(κ) ‖− “Xˇ is Lindelo¨f”. Consider
a P(κ)-name for a sequence of open covers of X , say (U˙n : n ∈ N). Since the
ground-model topology of X is a basis for the topology in the generic extension,
and since X is Lindelo¨f, we may assume that
1P(κ) ‖− “Each U˙n is a countable cover by ground-model open sets”
Indeed, for each n and m we can choose a maximal antichain Anm of P(κ) such
that the m-th element of U˙n is decided by this antichain. Considering P(κ) as
P(κ+ ω1), and since each member of each A
n
m has domain a finite subset of κ,
there is an α < κ such that in fact
1P(α) ‖− “Each U˙n is a countable cover by ground-model open sets”.
Let G be P(κ)-generic. Then Gα = {p⌈α: p ∈ G} is P(α)-generic over V. In
V[Gα] write Un = (Unm : m ∈ N). Define, for each x ∈ X the function fx ∈
NN
by fx(n) = min{m : x ∈ Unm}. Now {fx : x ∈ X} ∈ V[Gα]. If c ∈ V[G] is any
Cohen real over V[Gα], then for each x in X, {n ∈ N : c(n) = fx(n)} is infinite,
and this (Unc(n) : n ∈ N) witnesses S
ω
1 (O,O) for X in V[G]. 
Thus, forcing with a sufficient number of Cohen reals preserves being a
Rothberger space, but fails to preserve not being Rothberger.
Problem 2 Is it consistent that adjoining a single Cohen real converts each
ground-model Lindelo¨f space to a Rothberger space or at least makes it inde-
structible?
Corollary 12 (A. Dow) Adjoining ℵ1 Cohen reals renders each ground-model
Lindelo¨f space indestructible.
Proof: By Theorem 11 each ground-model Lindelo¨f space acquires the Roth-
berger property. By Theorem 9 in the extension ONE has no winning strategy
in the game Gω11 (O,O). Apply Theorem 1. 
Dow’s proof in [13] uses a quite non-trivial elementary submodel argument.
Rothberger spaces and random reals
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Let B(κ) be the partially ordered set for adding κ random reals. As was
noted in the remarks in and following the proof of Corollary 2.5 of [20], forcing
with B(κ) preserves the Lindelo¨f property. We now show: Forcing with B(κ)
preserves being Rothberger. Contrary to the case of Cohen reals, for a large
class of Lindelo¨f spaces random reals preserve not being Rothberger.
Lemma 13 Let X be a Lindelo¨f space and let U˙ be a B(κ) name such that
1B(κ) ‖− “U˙ is an open cover of Xˇ.”
Then for each x ∈ X and each k <∞ there is a neighborhood Nk(x) of x such
that
µ(‖(∃U ∈ U˙)(Nˇk(x) ⊆ U)‖) > 1−
1
2k+1
Proof: Since X is Lindelo¨f and random reals preserve Lindelo¨f, and since the
ground-model open sets form a basis of the topology X has in the generic
extension, we may assume that
1B(κ) ‖− “U˙ is a countable open cover of Xˇ by ground-model sets”
and choose B(κ) names U˙n, n <∞ such that
1B(κ) ‖− “U˙ = {U˙n : n < ω} and each U˙n is in the ground-model”.
We may assume each U˙n is of the form {(Uˇnk , b
n
k ) : k < ω} where for each n and
each k Unk is a ground model open set and {b
n
k : k <∞} is a maximal antichain
of B(κ).
Now consider x ∈ X . For each n and k define
V nk (x) =
{
X if x 6∈ Unk
Unk otherwise
For each k define Mk(x) = ∩i≤k,j≤kV ij (x). Note that
ck = ‖(∃i ≤ k)(Mˇk(x) ⊆ U˙i)‖ ≥ sup{b
i
j : i, j ≤ k and x ∈ U
i
j}.
For k < ℓ we have µ(ck) ≤ µ(cℓ), and since µ(‖U˙ is a cover‖) = 1 we have
limk→∞ µ(ck) = 1. For each m choose km so large that µ(ckm) > 1−
1
2m+1 and
put Nm(x) =Mkm(x). 
Theorem 14 If X is a Rothberger space then 1B(κ) ‖− “Xˇ is a Rothberger space”.
Proof: Choose B(κ) names U˙n such that
1B(κ) ‖− “(U˙n : n <∞) is a sequence of open covers of Xˇ”.
By Lemma 13 for each n, and for each x ∈ X choose a neighborhood Wn(x)
such that µ(‖(∃U ∈ U˙n)(Wˇn(x) ⊆ U)‖) > 1 −
1
2n+1 . Then Wn = {Wn(x) :
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x ∈ X} is an open cover of X . In the ground model apply the fact that X is
Rothberger to the sequence (Wn : n <∞) of open covers of X . For each n we
choose a set Sn ∈ Wn such that for each x ∈ X there are infinitely many n with
x ∈ Sn.
Observe that we have for each n: µ(‖(∃U ∈ U˙n)(Sˇn ⊆ U)‖) > 1 −
1
2n+1 .
Thus, choose by the Fullness Lemma (see [24], Lemma 18.6) for each n a B(κ)
name U˙n such that µ(‖U˙n ∈ U˙n and Sˇn ⊆ U˙n‖) ≥ 1−
1
2n+1 .
Claim: 1B(κ) ‖− “Xˇ ⊆
⋃
n<∞ U˙n”.
For suppose not and choose b so that b ‖− “Xˇ 6⊆
⋃
n<∞ U˙n”. Choose c < b
and x ∈ X so that c ‖− “xˇ 6∈
⋃
n<∞ U˙n”. Then choose n so large that µ(c) >
1
2n .
Choose a k larger than n with x ∈ Sk. Now define
d = c ∧ ‖“U˙k ∈ U˙k and Sˇk ⊆ U˙k”‖.
We have µ(d) > 0 and since d ≤ c we have d ‖− “xˇ 6∈
⋃
n<∞ U˙n”. But also
x ∈ Sk and d ‖− “Sˇk ⊆ U˙k”, a contradiction. The proof is complete. 
Next we examine preservation of non-Rothberger: Let n be a positive inte-
ger. A family A of subsets of a set X has degree n if n is the smallest positive
integer such that for each x ∈ X the set {A ∈ A : x ∈ A} has cardinality at most
n. We shall say that a topological space is n-dimensional if n is the smallest
nonnegative integer such that each open cover of the space has an open refine-
ment of degree n+ 1. And a space is said to be strongly countable dimensional
if it is a union of countably many closed subsets, each of finite dimension. This
notion was introduced by Nagata [35] and Smirnov [47], independently.
If a strongly countable dimensional space does not have the Rothberger prop-
erty, then some closed subset of finite dimension does not have the Rothberger
property. This follows from the fact that the Rothberger property is inherited
by closed subspaces, and since a union of countably many subspaces, each with
the Rothberger property, again has the Rothberger property. We now show that
for strongly countable dimensional ground model spaces random reals preserve
the property of not being a Rothberger space. In the process we use the follow-
ing fact - see “equation” (1) in the proof of Theorem 16 below: If a space X has
the Rothberger property and if a sequence (Un : n <∞) of open covers is given,
then there is a sequence (Un : n < ∞) such that for each n we have Un ∈ Un
and for each x ∈ X there are infinitely many n with x ∈ Un: First write the
natural numbers as a union of countably many disjoint infinite sets Yk, k <∞,
and apply the Rothberger property to each subsequence (On : n ∈ Yk).
Lemma 15 If U˙ is a B(κ)-name and A and B are ground model sets such that
µ(‖U˙ = Aˇ‖ ∧ ‖U˙ = Bˇ‖) > 0
then A = B.
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Proof: Consider a generic filter G which contains ‖U˙ = Aˇ‖ ∧ ‖U˙ = Bˇ‖. In the
generic extension, A = AˇG = U˙G = BˇG = B. But A and B are ground model
sets. 
Theorem 16 Let κ be a cardinal number with uncountable cofinality. If X is
a strongly countable dimensional Lindelo¨f space and if
1B(κ) ‖− “Xˇ has the Rothberger property”,
then X has the Rothberger property in the ground-model.
Proof Suppose that 1B(κ) ‖− “Xˇ has the Rothberger property” while, in fact,
X does not have the Rothberger property. Choose a positive integer m and
a closed subset Y of X which is (m − 1)-dimensional, but does not have the
Rothberger property. Let (On : n < ∞) be a sequence of open covers of Y
witnessing this. We may assume each On has degree m, and that each On+1
refines On. Enumerate each On bijectively as (U
n
k : k ∈ In), where In is either
an initial segment of the set of natural numbers, or the set of natural numbers.
Note that
1B(κ) ‖− “Yˇ is closed in Xˇ, thus has the Rothberger property .”
For each n, put ǫn =
1
(n+1)2m˙ . Define ψ : N → N as follows: ψ(1) =
1
ǫ1
and
for each n, ψ(n+ 1) = ψ(n) + 1
ǫn+1
.
In V B(κ) look at (Oˇψ(n) : n < ∞), a sequence of open covers of Y . Since
1B(κ) ‖− “Yˇ has the Rothberger property”, choose a sequence (V˙n : n < ∞) of
B(κ)-names such that
1B(κ) ‖− “(∀n)(∅ 6= V˙n ∈ Oˇψ(n)) and (∀x ∈ Yˇ )(∃
∞
n )(x ∈ V˙n)”. (1)
For each n define
Wn := {O
ψ(n)
j ∈ Oψ(n) : µ(‖V˙n = Oˇ
ψ(n)
j ‖) > ǫn}.
Since elements of Oψ(n) are listed without repetition, Lemma 15 implies that
Cn = |Wn| ≤ m · (n+1)2. List the elements of eachWn as (O
ψ(n)
mnj
, 1 ≤ j ≤ Cn).
Using the fact that for each n, On+1 refines On, we can choose Onmn ∈
On, n <∞, such that there is for each U ∈
⋃
n<∞Wn an n with U ⊆ O
n
mn
.
Since (On : n <∞) witnessed that Y does not have the Rothberger property,
choose
x ∈ Y \
⋃
n<∞
Onmn .
Claim 1: For each n, µ(‖xˇ ∈ V˙n‖) ≤
1
(n+1)2 .
Proof of the Claim: If not, choose n with µ(‖xˇ ∈ V˙n‖) >
1
(n+1)2 . Since Oψ(n)
covers Y , the set I = {j : x ∈ O
ψ(n)
j } is nonempty and for each j ∈ I we have
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µ(‖xˇ ∈ Oˇ
ψ(n)
j ‖) = 1, and so µ(‖xˇ ∈ V˙n ∩ (∩j∈I Oˇ
ψ(n)
j )‖) >
1
(n+1)2 . But then as
µ(‖V˙n ∈ Oˇψ(n)‖) = 1 we have
1
(n+ 1)2
< µ(‖V˙n ∈ {Oˇ
ψ(n)
j : j ∈ I}‖)
and Oψ(n) has degree m, for some j ∈ I we have µ(‖V˙n = Oˇ
ψ(n)
j ‖) >
1
m·(n+1)2
and so for this j, O
ψ(n)
j ∈ Wn, contradicting the choice of x. Claim 1 is proven.
Consider any b ∈ B(κ) with µ(b) > 0, and choose n so large that µ(b) >∑∞
j=n
1
j2
. With Claim 1 proven, define
a = b \ (
∨
k≥n
‖xˇ ∈ V˙k‖).
We have a < b, µ(a) > 0 and
a ‖− “(∀k ≥ n)(xˇ 6∈ V˙k)”. (2)
But then (2) contradicts (1). Thus, X has the Rothberger property also. 
In our first proof of Theorem 16 we used the hypothesis that the space is
zero-dimensional. Subsequently we improved the hypothesis that the space be
zero-dimensional to the current hypothesis of strong countable dimensionality.
We were not able to eliminate the dimension-theoretic hypothesis altogether
from Theorem 16:
Problem 3 Is the dimension hypothesis in Theorem 16 necessary?
A large class of topological spaces is covered by the zero-dimensional case of
Theorem 16:
Lemma 17 T3 spaces with the property S
ω
1 (O,O) are zero-dimensional.
Proof: If X is T3 and Lindelo¨f, it is T4 and thus T3 1
2
. Since X is T3 1
2
fix an
embedding of X into a power of the unit interval I, say F : X −→ Iκ. For
each α ∈ κ the projection πα onto the α-th coordinate is continuous, and so
πα ◦ F [X ] ⊆ [0, 1] has property Sω1 (O,O), and thus is zero-dimensional. But
then Πα<κπα ◦ F [X ] is zero-dimensional. Since the latter set contains F [X ], it
follows that F [X ], and thus X , is zero-dimensional. 
It is easy to convert, by forcing, certain ground model spaces to spaces which
have dimension zero in the generic extension. In the generic extension by one
Cohen real every ground model separable metric space acquires dimension zero.
To see this, first observe that the real line of the ground model acquires Lebesgue
measure zero: Temporarily let µ denote Lebesgue measure and let µ∗ denote
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the outer measure. In the ground model choose for each ǫ > 0 a sequence
(ǫn : n < ω) of positive reals such that
∑
n<ω ǫn < ǫ. We show that
1P(ω) ‖− “µ(Rˇ) = 0”.
If not, choose p ∈ P(ω) and a positive integer n such that p ‖− “µ∗(Rˇ) > 1
nˇ
”.
Consider in the ground model the sequence (ǫm : m < ω) associated with
1
n
= ǫ,
and for each m define Um = {Jmk : k < ω} where {J
m
k : k < ω} enumerates the
set of intervals of length less than ǫm which have rational endpoints. For each
x ∈ R define fx so that for all m, fx(m) = min{k : x ∈ Jmk }. Note that each fx
is in the ground model. For each x ∈ R and m > |p| the set Dxm = {q ∈ P(ω) :
(∃k > m)(fx(k) = q(k)} is dense in P(ω), and thus dense below p. Then any
generic filter containing p meets each Dxm, and so the Cohen real obtained from
this generic filter, say its P(ω)-name is f˙ , is infinitely often equal to each fx.
This implies that p ‖− “Rˇ ⊆ ∪n<ω J˙nf˙(n)”. But since
∑
m<ω ǫm <
1
n
, it follows
that p ‖− “µ∗(Rˇ) < 1
nˇ
”, a contradiction.
Since Lebesgue measure zero sets of real numbers are zero-dimensional, it
follows that the ground model set of reals is zero dimensional in the generic
extension. But then the Hilbert cube of the ground model is in the extension a
product of zero dimensional spaces and so zero dimensional. Separable metric
spaces from the ground model embed homeomorphically into the Hilbert cube
of the ground model, thus in the generic extension are subspaces of a zero
dimensional space and so themselves are zero dimensional.
This specific consequence of Cohen real forcing holds more generally.
Corollary 18 If X is a T3 Lindelo¨f space and κ is any cardinal number, then
1P(κ) ‖− “Xˇ is zero-dimensional”.
Similar ideas give the following result for spaces not necessarily Lindelo¨f:
Corollary 19 Let κ be a cardinal number. In some ground model M , let X
is a T3 1
2
space with |X | < κ. Consider a generic extension N of M such that
N |= |R| ≥ κ. Then N |= “X is zero-dimensional”.
Proof: As in Lemma 17 we see that in N each projection Πγ ◦ F [X ] ⊆ R has
cardinality less than 2ℵ0 and thus is zero-dimensional. 
Rothberger spaces and countably closed forcing.
Since Rothberger spaces are indestructibly Lindelo¨f, they remain Lindelo¨f
under countably closed forcing. The following result shows a little more:
Theorem 20 Let (P, <) be a countably closed partially ordered set. For X a
space the following are equivalent:
1. X is a Rothberger space.
2. 1P ‖− “Xˇ is a Rothberger space.”
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Proof: 1 ⇒ 2: Let (X, T ) be a space which has property Sω1 (O,O). Let
(U˙n : n ∈ N) be a name for a sequence of open covers of X . That is,
1P ‖− “(U˙n : n ∈ N) is a sequence of open covers for Xˇ.”
Let G be P-generic and in V [G] consider the sequence of open covers. Since X
was, in the ground-model, Sω1 (O,O), it is in V [G] still Lindelo¨f. We may also
assume that each Un consists of sets from the ground-model topology T on X .
Thus, for each n there is in V [G] a function fn : ω −→ T such that Un = fn[ω].
Since the forcing is countably closed, each fn is a member of the ground model,
and thus each Un is a member of the ground model. But then apply Sω1 (O,O)
in the ground model to this sequence to obtain Un ∈ Un, n < ∞, such that
{Un : n <∞} is a cover of X .
2 ⇒ 1: Assume that 1P ‖− “Xˇ is a Rothberger space”. Suppose that contrary
to 1, in the ground model X is not a Rothberger space. Choose in the ground
model a sequence (Un : n < ∞) of open covers of X witnessing that X is not
Rothberger. By 2, choose a P-name f˙ such that
1P ‖− “f˙ : ωˇ −→
⋃
n<∞
Uˇn and (∀n)(f˙(n) ∈ Uˇn) and {f˙(n) : n ∈ ωˇ} covers Xˇ”.
Choose for each n a pn ∈ P, and a Un ∈ Un such that pn+1 < pn, and pn ‖−
“f˙(nˇ) = Uˇn”. Since P is countably closed choose p ∈ P such that for all n we have
p < pn. Then p ‖− “(∀n)(Uˇn ∈ Uˇn and Xˇ =
⋃
n<∞ Uˇn)”. But all parameters in
the statement forced by p are in the ground model; thus the statement is true
in the ground model. This contradicts that the sequence (Un : n <∞) of open
covers of X witnesses that X is not Rothberger. 
Cardinality upper bounds on points Gδ Rothberger spaces
It is consistent that all metrizable Rothberger spaces are countable. This fol-
lows from the Borel Conjecture. Carlson [10] showed that the Borel Conjecture
is equivalent to the statement that all strong measure zero metric spaces are
countable. Thus the Borel Conjecture implies that all metrizable Rothberger
spaces are countable. Sierpin´ski [46] proved that the Continuum Hypothesis im-
plies the negation of the Borel Conjecture. R. Laver [31] proved that the Borel
Conjecture is consistent relative to the consistency of ZFC only. In Laver’s
model, 2ℵ0 = ℵ2.
Proposition 21 (Judah, Shelah, Woodin) For each cardinal number κ it is
consistent that 2ℵ0 > κ and every metrizable Rothberger space is countable.
Proof: Consider a model of Borel’s Conjecture. By Theorem 16 we have that
upon forcing with B(κ) every ground-model set of real numbers with the Roth-
berger property is countable. It is not known if uncountable metric Rothberger
spaces can be introduced by random real forcing. But by a result of Judah,
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Shelah and Woodin [25] if the ground model is Laver’s model, then subsequent
forcing with B(κ) introduces no uncountable metrizable Rothberger spaces. 
Corollary 22 If it is consistent that there is a real-valued measurable cardinal
then it is consistent that each metrizable Rothberger space is countable and there
is a real-valued measurable cardinal ≤ 2ℵ0 .
Proof: Assume it is consistent that there is a measurable cardinal, κ. Then it is
consistent that κ is measurable and CH holds (collapse the continuum to ℵ1 with
countable conditions, if necessary, and apply [32], Theorem 3: “Mild” forcing
preserves measurability.). Then use Laver’s method to force Borel’s Conjecture.
By [32], Theorem 3, κ still is measurable. Now force with B(κ). As noted in the
proof of Theorem 21, in the generic extension all metrizable Rothberger spaces
are countable. By a theorem of Solovay κ = 2ℵ0 is real-valued measurable. 
Arhangel’skii’s result trivially implies that if κ is the least measurable car-
dinal, then each points Gδ Rothberger spaces is of cardinality < κ. We shall
see in Proposition 26 that this upper bound cannot be lowered in ZFC. But a
better theorem can be proved for the points Gδ Rothberger spaces:
Theorem 23 If a space has the Rothberger property and each point is a Gδ then
its cardinality is less than the smallest real-valued measurable cardinal.
Proof: Suppose that κ is a real-valued measurable cardinal and that X is a
Lindelo¨f space with all points Gδ and |X | ≥ κ. Choose a subset Y of X with
|Y | = κ, and let µ : P(Y )→ [0, 1] be a countably additive atomless measure with
µ(Y ) = 1. For each x ∈ X choose a sequence (Un(x) : n <∞) of neighborhoods
with {x} =
⋂
n<∞ Un(x) and Un+1(x) ⊆ Un(x), all n.
For eachm, choose for each x an n(m,x) such that µ(Y ∩Un(m,x)(x)) <
1
2m+2 .
Then
Um = {Un(m,x)(x) : x ∈ X}
is an open cover of X . For the sequence (Um : m < ∞) of open covers of X ,
consider any sequence (Um : m <∞) with Um ∈ Um for each m. Then we have
for each m that µ(Y ∩ Um) <
1
2m+2 , and so
µ(Y ∩ (
⋃
m<∞
Um)) ≤
∞∑
m=1
1
2m+2
≤
1
2
< µ(Y ).
But then the sequence (Um : m <∞) does not cover Y and so not X . It follows
that X is not Rothberger. 
The bound given in Theorem 23 cannot be lowered in ZFC:
Theorem 24 If it is consistent that there is a real-valued measurable cardinal,
then it is consistent that there is a real-valued measurable cardinal κ ≤ 2ℵ0 and
for each cardinal λ < κ there is a space X with points Gδ and the Rothberger
property, with λ ≤ |X | < κ.
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Proof: If it is consistent that there is a real-valued measurable cardinal, then
it is consistent that there is a measurable cardinal [48]. Thus, assume that
κ is the least measurable cardinal. There are Lindelo¨f spaces with points Gδ
of arbitrary large cardinality below κ, for example Juha´sz’s spaces descibed in
Section 4, Example 4. First force with ℵ1 Cohen reals. Then by Theorem 11 the
ground-model versions of Juha´sz’s spaces are Rothberger spaces with points Gδ
of arbitrary large cardinality below κ. By Theorem 3 of [32], κ is still measurable
in this generic extension. Now force with B(κ) and apply Solovay’s theorem [48]
that 1B(κ) ‖− “2
ℵ0 = κˇ is real-valued measurable”.
In the resulting model 2ℵ0 is real-valued measurable and there are Roth-
berger spaces with points Gδ of arbitrary large cardinality below 2
ℵ0 . 
Note that in the proof of Theorem 24 we may also force with B(ν) for ν > κ,
thus causing the least real-valued measurable cardinal to be less than 2ℵ0 .
Theorem 23 also provides an alternative proof to Arhangel’skii’s theorem:
Corollary 25 (Arhangel’skii) Every points Gδ Lindelo¨f space has cardinality
less that the least (two-valued) measurable cardinal.
Proof: Assume that on the contrary κ is the least two-valued measurable car-
dinal and that X is a points Gδ space of cardinality at least κ. First force with
ℵ1 Cohen reals, converting X to a Rothberger space while preserving the mea-
surability of κ. Now force with κ random reals, converting κ into a real-valued
measurable cardinal while preserving the Rothberger property of X . This gives
a contradiction to the result of Theorem 23. 
Let us also note that in the absence of real-valued measurable cardinals, the
least measurable cardinal may be the least upper bound on the cardinality of
points Gδ Rothberger spaces:
Proposition 26 If it is consistent that there is a measurable cardinal, then it
is consistent that there is a measurable cardinal κ and for each λ < κ there is a
points Gδ Rothberger space of cardinality at least λ.
Proof: Assume that κ is the least measurable cardinal. There are Lindelo¨f
spaces with points Gδ of arbitrary large cardinality below κ, for example Juha´sz’s
spaces descibed in Section 4, Example 4. First force with ℵ1 Cohen reals. Then
by Theorem 11 the ground-model versions of Juha´sz’s spaces are Rothberger
spaces with points Gδ of arbitrary large cardinality below κ, and by Theorem 3
of [32], κ is still measurable in this generic extension. 
It is a trivial consequence of Tall’s result, Theorem 7, that if it is consistent
that there is a supercompact cardinal then it is consistent that all points Gδ
Rothberger spaces have cardinality ≤ ℵ1 and 2ℵ0 = ℵ1. However, we don’t
know if either of the following is possible (even assuming the consistency of
appropriate large cardinals):
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Problem 4 Is it possible that all points Gδ Rothberger spaces have cardinal-
ity ≤ ℵ1 while there is an indestructible Lindelo¨f space with points Gδ and of
cardinality larger than ℵ1?
Proposition 27 records that if it is consistent that there is a measurable
cardinal, then it is consistent that every points Gδ Rothberger space has cardi-
nality less than 2ℵ0 and there are points Gδ Lindelo¨f spaces of arbitrarily large
cardinality below the first (two-valued) measurable cardinal.
Proposition 27 Assume that it is consistent that there is a measurable cardi-
nal. Then the conjunction of the following list of statements is consistent:
1. Every Rothberger space with points Gδ is of cardinality less than 2
ℵ0 ;
2. For each cardinal λ < 2ℵ0 there is a Rothberger space with points Gδ such
that λ < |X | < 2ℵ0 ;
3. For each cardinal λ > 2ℵ0 which is less than the first measurable cardinal
there is a points Gδ Lindelo¨f space X such that λ < |X |.
Problem 5 Is it possible that all points Gδ Rothberger spaces have cardinality
≤ ℵ1 while 2ℵ0 > ℵ1?
Since the real line is indestructibly Lindelo¨f, a positive answer to Problem 5
gives a positive answer to Problem 4.
When Lindelo¨f implies Rothberger.
In Theorem 46 we shall see a topological hypothesis under which Lindelo¨f
implies Rothberger (and more). Here we explore set theoretic hypotheses that
imply the equivalence of the Lindelo¨f and Rothberger properties: LetMR denote
the collection of first category subsets of the real line. Then cov(MR) denotes
the least cardinality of a family of first category sets whose union covers the
real line.
Proposition 28 For an infinite cardinal number κ the following are equivalent:
1. Every Lindelo¨f space of cardinality at most κ has the Rothberger property.
2. κ < cov(MR).
Proof: 2 ⇒ 1: Let X be a Lindelo¨f space of cardinality κ. Let (Un : n < ∞)
be a sequence of open covers of X . Since X is Lindelo¨f we may assume each Un
is countable and enumerate it as (Unk : k <∞). For each x in X define
Nx = {f ∈
ωω : (∀n)(x 6∈ Unf(n))}.
Each Nx is nowhere dense in
ωω with the usual product topology, which is
homeomorphic to the set of irrational numbers. Then
⋃
x∈X Nx 6=
ωω. Choose
an f ∈ ωω \ (
⋃
x∈X Nx). Then the sequence (U
n
f(n) : n < ∞) witnesses the
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Rothberger property of X for (Un : n <∞).
1 ⇒ 2: Note that 1 implies that every set of reals of cardinality κ has the
Rothberger property. Use the fact that cov(MR) is the minimal cardinality of
a set of reals that does not have the Rothberger property ([16], Theorem 5). 
Since cov(MR) is the least κ for which MAκ(countable) is false, we have
Corollary 29 MA(countable) is equivalent to the statement that every Lindelo¨f
space of cardinality less than 2ℵ0 has the Rothberger property.
Cardinals forbidden to support points Gδ Rothberger topologies.
Another application of ideas in the proof of Theorem 23 gives:
Theorem 30 If Lebesgue measure can be extended to a countably additive mea-
sure on any collection of 2ℵ0 subsets of the real line, then there is no points Gδ
Rothberger space of cardinality 2ℵ0 .
Proof: Suppose X is a Lindelo¨f space of cardinality 2ℵ0 with all points Gδ.
We may assume that as a set, X is the closed unit interval. For each x ∈ X
choose a sequence (Un(x) : n < ∞) of neighborhoods with {x} =
⋂
n<∞ Un(x)
and Un+1(x) ⊆ Un(x), all n. Then {Un(x) : n < ∞, x ∈ X} is a family of
2ℵ0 subsets of X . Let µ be a countably additive extension of Lebesgue measure
which also measures each Un(x).
For each m, choose for each x an n(m,x) such that µ(Un(m,x)(x)) <
1
2m+2 .
Then
Um = {Un(m,x)(x) : x ∈ X}
is an open cover of X . For the sequence (Um : m < ∞) of open covers of X ,
consider any sequence (Um : m <∞) with Um ∈ Um for each m. Then we have
for each m that µ(Um) <
1
2m+2 , and so
µ(∪m<∞Um) ≤
∞∑
m=1
1
2m+2
≤
1
2
< µ(X).
But then the sequence (Um : m < ∞) does not cover X . It follows that X is
not Rothberger. 
T. Carlson proved that the consistency of the measure extension hypothesis
of Theorem 30 implies the consistency of the existence of a weakly compact
cardinal, and Carlson and Prikry also derived the consistency of this measure
extension hypothesis from the consistency of the existence of a weakly compact
cardinal. See Section 6 of [9] in this regard. Thus:
Corollary 31 If it is consistent that there is a weakly compact cardinal, then
it is consistent that there is no points Gδ Rothberger space of cardinality 2
ℵ0 .
19
By the results of [9], it is for example consistent that 2ℵ0 = ℵ2, and for
any family F of ℵ1 subsets of the real line Lebesgue measure can be extended
to a countably additive measure that measures also each element of F . This,
however, does not imply that there are no points Gδ Rothberger spaces of size
ℵ1, as demonstrated by Section 4, Example 2.
Carlson and Prikry derived the consistency of the measure extension hy-
pothesis by starting with a model containing a weakly compact cardinal κ and
then adding κ random reals. This leads to an alternative proof of Shelah’s result
[44] that no weakly compact cardinal can be topologized as a points Gδ Lindelo¨f
space. First, observe:
Corollary 32 There is no points Gδ Rothberger topology on a weakly compact
cardinal.
Proof: For suppose X is a set of cardinality a weakly compact cardinal, and
that X carries a topology in which its points are Gδ, and it is a Rothberger
space. Add |X | random reals. By Theorem 14 X is still a Rothberger space
with points Gδ in the generic extension. But the generic extension is Carlson and
Prikry’s model for |X | = 2ℵ0 and the extendibility of Lebesgue measure to any
family of 2ℵ0 subsets of the real line. Then Theorem 30 gives the contradiction
that X is not a points Gδ Rothberger space. 
Corollary 33 (Shelah) There is no points Gδ Lindelo¨f topology on a weakly
compact cardinal.
Proof: Suppose on the contrary that κ is a weakly compact cardinal carrying
a points Gδ Lindelo¨f topology. Add ℵ1 Cohen reals. The weakly compact
cardinal κ is still weakly compact, but by Theorem 11 it now carries a points
Gδ Rothberger topology, contradicting Corollary 32. 
Continuing the theme that we can prove for Rothberger spaces what we
would like to prove for Lindelo¨f spaces, we obtain in Theorem 34 for Rothberger
spaces results discussed but not achieved for Lindelo¨f spaces in [5]. For λ < κ
infinite regular cardinal numbers let Lv(κ, λ) be the partially ordered set whose
elements are functions p such that |p| < λ, dom(p) ⊆ κ× λ and for all (α, ξ) ∈
dom(p), p(α, ξ) ∈ α; elements p and q are ordered by p ≤ q if, and only if,
q ⊆ p. It is well-known that when κ is strongly inaccessible, each antichain of
Lv(κ, λ) is of cardinality less than κ. Also, as λ is regular, Lv(κ, λ) is λ-closed.
It is also well-known that in the generic extension obtained by forcing with
Lv(κ, λ), κ is a cardinal number, but is the successor of λ. In Theorem 34 the
phrase “Le´vy-collapse · · · to ω2 with countable conditions” means “Force with
Lv(κ, ω1) where κ is supercompact (measurable).”
The argument uses standard reflection methods (see e.g. [14]). Specific
properties of supercompactness of a cardinal are at the core of these arguments,
and are now recalled for the reader’s convenience: A cardinal κ is supercompact
if there is for each cardinal λ ≥ κ an elementary embedding i : V → M from
the set-theoretic universe V into a transitive class M such that
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• for each ξ < κ, i(ξ) = ξ, but i(κ) > λ, and
• λM ⊆M .
Here λM denotes the class of sequences of length λ, where the terms of the
sequences are elements of M . It follows by transfinite induction that for all
α ≤ λ we have Mα = Vα - that is, the cumulative hierarchy as computed in V
and in M coincides at least up to λ.
Theorem 34 Le´vy-collapse a supercompact (measurable) cardinal to ω2 with
countable conditions. Then every Rothberger (T2) space of character ≤ ℵ1 in-
cludes a Rothberger subspace of size ≤ ℵ1.
Proof: First, the supercompact version. Let κ be a supercompact cardinal
in the ground model. Let G be Lv(κ, ω1)-generic over V . In V [G], let X be
a Rothberger space of character ≤ ℵ1 and cardinality larger than ℵ1. Let α
be an initial ordinal such that X , all open covers of X , and all sequences of
open covers of X , as well as Lv(κ, ω1) and any of its antichains are members of
Vα[G]. Choose a regular cardinal λ > 2
α. In V [G] let µ be the initial ordinal
corresponding to |X |. Then µ is also a cardinal in V and in V , κ ≤ µ < α < λ.
By supercompactness of κ fix an elementary embedding i : V → M with
i(κ) > λ and λM ⊆ M . Since for each β ≤ λ we have Mβ = Vβ it fol-
lows that Lv(κ, ω1) and all V -antichains of it are elements of M . Thus G ⊆
Lv(κ, ω1) is Lv(κ, ω1)-generic over M if, and only if, it is over V . More-
over for all β ≤ λ, Vβ [G] = Mβ[G]. It follows that in fact X ∈ M [G].
Moreover, any family of open covers for X in V [G] is also in M [G]. Thus,
M [G] |= “X is a Rothberger space of cardinality > ℵ1 and character ≤ ℵ1.”
Since Lv(κ, ω1) has no antichain of cardinality κ, there is an i(Lv(κ, ω1))-
generic (over M) filter G∗ such that p ∈ G implies i(p) ∈ G∗ (see Proposition
2.2 of [14]). But then i extends to an elementary embedding j : V [G]→M [G∗]
(see Proposition 2.1 of [14]).
Until further notice we now work in M [G∗]. The equation i(Lv(κ, ω1)) =
Lv(i(κ), ω1) = Lv(κ, ω1) × Lv(i(κ) \ κ, ω1) implies that M [G∗] is of the form
M [G][H ] where H is Lv(i(κ) \ κ, ω1)-generic over M [G]. By Theorem 20 Roth-
berger is preserved by countably closed forcing, giving M [G∗] |= “X is a Roth-
berger space”.
The bijection j⌈X from X to j[X ] induces a homeomorphic topology, say T ,
on j[X ]: Put a subset U of j[X ] in T if its inverse image under j is an open
subset of X . Then (j[X ], T ) is a Rothberger space.
The subset j[X ] of j(X) inherits a topology from j(X), say S. Compare
the two spaces (j[X ], T ) and (j[X ],S). First note that S contains sets of the
form j(U)∩ j[X ], where U ⊆ X is open in X . Conceivably, S may contain also
other sets. Since j(U) ∩ j[X ] = j[U ] (see Lemma 2.0 of [14]) is an element of
the topology T on j[X ], we have T ⊆ S. The character restriction ensures that
S = T (see the argument at the top of p. 45 of [14]). Thus, j[X ] is a Rothberger
subspace of j(X).
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Since j is an elementary embedding, j(X) is a Rothberger space with char-
acter ≤ ℵ1 and cardinality j(µ). Since j[X ] is an uncountable subset of j(X),
we conclude that in M [G∗] the statement
“j[X ] ⊆ j(X) is an uncountable Rothberger subspace of j(X)”
as well as the statement “j(κ) = ℵ2 and |µ| = ℵ1” are true. This implies:
• M [G∗] |= “j(X) has a Rothberger subspace of cardinality ℵ1”
This concludes working in M [G∗]. Since j(ℵ1) = ℵ1 and j is an elementary
embedding of V [G] into M [G∗], in V [G] it is true that X has a Rothberger
subspace of cardinality ℵ1. This concludes the proof for the supercompact case.
For the measurable version, note that a Lindelof T2 space of character ≤ ℵ1
has cardinality ≤ 2ℵ1 . All the cardinals below the measurable κ will have their
power sets collapsed, so 2ℵ1 = ℵ2 - the former measurable - in the extension.
Measurability yields a non-trivial elementary embedding moving κ, which again
can be extended to a generic elementary embedding, whence we proceed as in
the supercompact case. 
In [6] Baumgartner and van Douwen introduced the notion of a weakly mea-
surable cardinal : A cardinal number κ is said to be weakly measurable if there
is a sequence (Fn : n <∞) of non-principal ultrafilters on κ such that
⋂
n<∞Fn
is a κ-complete filter on κ. It is known that the least such κ, if not measurable,
is strictly less than 2ℵ0 and that κ 6= cof(2ℵ0). It is also known that the exis-
tence of a measurable cardinal is equiconsistent with the existence of a weakly
measurable cardinal less than 2ℵ0 . The model given in Theorem 5.14 of [6] for
obtaining the consistency of a weakly measurable cardinal below 2ℵ0 from the
consistency of the existence of a measurable cardinal is as follows: Let κ be a
measurable cardinal in a model satisfying GCH. Let λ > κ be a cardinal with co-
finality not κ and not ω. Forcing with P(λ) (the partially ordered set for adding
λ Cohen reals) produces a model in which κ < λ = 2ℵ0 is weakly measurable.
Thus, in some sense, weakly measurable cardinals are the Cohen analogue of
real-valued measurable cardinals. In this model the set of Cohen reals is a Lusin
set and thus has the Rothberger property. This shows that weakly measurable
cardinals are not provably upper bounds on the possible cardinality of points Gδ
Rothberger spaces. Moreover, since every uncountable subset of a Lusin set is a
Lusin set, every subset of this set of Cohen reals has the Rothberger property,
and thus there are points Gδ Rothberger spaces of all cardinalities less than or
equal to λ in this model.
3 The Gerlits-Nagy property
Gerlits and Nagy [18] used the symbol ∗ to denote one of the several covering
properties they introduced. We shall call ∗ the Gerlits-Nagy property, and define
it later below. Though the Gerlits-Nagy property is formally stronger than the
Rothberger property the relationship between these two properties is somewhat
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complicated. Often ZFC examples of Rothberger spaces are also Gerlits-Nagy
spaces. Some reasons for this phenomenon will be discussed below. An exam-
ination of Gerlits-Nagy spaces requires examining the Hurewicz- and Menger-
properties which we introduce now.
The symbol Sαfin(A,B) denotes the statement:
For each sequence (Aγ : γ < α) of elements of A, there is a sequence
(Bγ : γ < α) of finite sets such that for each γ we have Bγ ⊆ Aγ ,
and
⋃
γ<αBγ ∈ B.
The corresponding game, denoted Gαfin(A,B), is played as follows: Players
ONE and TWO play α innings. In the γ-th inning ONE chooses an Oγ ∈ A,
and TWO responds with a finite set Tγ ⊆ Oγ . A play
O0, T0, · · · , Oγ , Tγ , · · ·
is won by TWO if
⋃
γ<α Tγ ∈ B; else, ONE wins.
Sωfin(O,O) is known as the Menger property. W. Hurewicz [21] introduced
this property and showed that in metrizable spaces it is equivalent to a basis
property introduced by K. Menger [33]. Hurewicz also showed that a space has
the property Sωfin(O,O) if, and only if, ONE has no winning strategy in the
game Gωfin(O,O). An exposition of Hurewicz’s result is given in Theorem 13 of
[41]. Clearly, the Rothberger property implies the Menger property.
Hurewicz [21] also introduced a property stronger than the Menger property,
called the Hurewicz property. The Hurewicz property is defined as follows: For
each sequence (Un : n < ω) of open covers of X there is a sequence (Vn : n < ω)
of finite sets such that for each n, Vn ⊆ Un, and such that for each x ∈ X , for
all but finitely many n, x ∈
⋃
Vn. The Hurewicz property can also be described
as follows:
Call an open cover U of a space large if each element of the space is contained
in infinitely many members of U . The symbol Λ denotes the collection of large
covers of a space. One can show that Sωfin(O,O) is equivalent to S
ω
fin(Λ,Λ).
A large cover U of a spaceX is groupable if there is a partition U =
⋃
n<∞ Un
such that each Un is finite, for m 6= n we have Um∩Un = ∅, and for each x ∈ X ,
for all but finitely many n, x ∈
⋃
Un.
By Theorem 12 of [29] a Lindelo¨f space has the Hurewicz property if, and only
if, it has the Menger property and each countable large cover is groupable. σ-
compactness implies the Hurewicz property, and the Hurewicz property implies
the Menger property. Menger conjectured that in separable metric spaces the
Menger property implies σ-compactness; Hurewicz conjectured that in separable
metric spaces the Hurewicz property implies σ-compactness. It is known in ZFC
that even in the class of separable metric spaces none of the above implications
is reversible: In [11] it is shown that the Menger property does not imply the
Hurewicz property; in [27] it is shown that the Hurewicz property does not
imply σ-compactness. For more on these implications, see [57]. Telga´rsky [52]
proved for separable metric spaces: if TWO has a winning strategy in the game
Gωfin(O,O), then that space is σ-compact (the converse is evidently true).
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In Theorems 14 and 19 of [36] it is shown that the Gerlits-Nagy property
is equivalent to the Hurewicz property plus the Rothberger property. We take
this characterization as our definition of the Gerlits-Nagy property.
Cohen reals and the Hurewicz property.
We have already seen that Cohen reals do not preserve not Rothberger.
Thus, Cohen reals do not preserve not Menger. The situation for the Hurewicz
property, and thus the Gerlits-Nagy property, is different. In the proof of The-
orem 36 we use the following well-known fact:
Lemma 35 If F ⊆ ωω is unbounded in the eventual domination order and
κ > 0 is a cardinal number then
1P(κ) ‖− “Fˇ is unbounded ”.
Though we have not found a direct reference (which undoubtedly exists), Lemma
35 can be deduced from [49] Lemma 3.1 together with the fact that for any P(κ)-
name f˙ there is a countable set S ⊆ κ with f˙ in fact a P(S)-name.
Theorem 36 Let κ > 0 be a cardinal number and let X be a Lindelo¨f space. If
X does not have the Hurewicz property then
1P(κ) ‖− “Xˇ does not have the Hurewicz property ”.
Proof: Let X be a Lindelo¨f space which is not Hurewicz. Let the sequence
(Un : n < ω) of open covers of X witness that X is not Hurewicz. Since
X is Lindelo¨f, we may assume each Un is countable and has an enumeration
(Unk : k < ω) such that for all n and k, U
n
k ⊆ U
n
k+1. We shall show that
1P(κ) ‖− “(Uˇn : n ∈ ωˇ) witnesses that Xˇ is not Hurewicz”.
Suppose the contrary and choose p ∈ P(κ) such that p ‖− “Xˇ is Hurewicz”.
For each x ∈ X define a function fx : ω −→ ω such that for each n, fx(n) =
min{k : (∀m ≥ k)(x ∈ Unm)}. Note that the particular sequence of open covers
of X witness that X is not Hurewicz if, and only if, the associated family of
functions {fx : x ∈ X} is unbounded. Since X is not Hurewicz, {fx : x ∈ X} is
unbounded in ωω.
However, p ‖− “(∃τ ∈ ωω)(∀x ∈ Xˇ)(fx ≺ τ)”3. Choose a P(κ) name f˙ such
that p ‖− “(∀x ∈ Xˇ)(fx ≺ f˙)”. Then choose a countable subset C of κ such that
f˙ is a P(C)-name and p ∈ P(C). This gives a contradiction: 1P(C) ‖− “{fx : x ∈
Xˇ} is unbounded” (by Lemma 35) while p ‖− “{fx : x ∈ Xˇ} is bounded”. 
The referee pointed out that the Cohen reals poset P(κ) does not preserve
the Hurewicz property: This is most efficiently seen as follows: If X is a co-
dense subset of a complete metric spaceM and if X has the Hurewicz property,
3f ≺ g denotes that for all but finitely many n, f(n) < g(n).
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then X is a meager subset of M (see the proof of Theorem 5.5 of [27]). But it
is well-known that upon forcing with P(ω), the set of ground model reals is a
codense subset of the set of real numbers of the extension, but is not a meager
subset of the reals of the extension (see Theorem 3.2 of [49]). To now see this
is the case for P(κ) also for uncountable κ, note: A P(κ)-name for a comeager
Borel set disjoint from the ground model reals is, for some countable subset C
of κ, a P(C)-name.
There is a limited class of Hurewicz spaces for which we could prove that
Hurewicz is preserved by Cohen real forcing. This class of Hurewicz spaces
has appeared under different names in the study of small sets of reals. In [38]
these are called “property B”, while in [4] these are called “sets in H”. Call a
Hurewicz space X strongly Hurewicz if for each Borel function F : X → ωω
there is a function g ∈ ωω such that for each x ∈ X , for all but finitely many n,
F (x)(n) < g(n). Some properties of this class of Hurewicz spaces can be found
in [43], such as that such subsets of the real line are zero-dimensional and that
Sierpin´ski sets are strongly Hurewicz.
Recall the notion of an n-dowment. These are defined as follows: Fix a
positive integer n. A family L of finite subsets of Fn(κ, 2) is said to be an n-
dowment if for each maximal antichain A ⊆ Fn(κ, 2) there is an L ∈ L with
L ⊆ A, and for each p ∈ Fn(κ, 2) with domain of cardinality n and for any
L1, L2, · · · , Ln ∈ L there are qi ∈ Li, i ≤ n such that {qi : i ≤ n} ∪ {p} have a
common extension in Fn(κ, 2). For each κ and each n there is an n-dowment -
see Lemma 1.1 of [14].
Also recall: The Hurewicz game on a space X is played as follows: ONE
and TWO play an inning for each positive integer n. In the n-th inning ONE
first chooses an open cover On for X , and then TWO responds with a finite set
Tn ⊆ On. A play O1, T1, · · · , On, Tn, · · · is won by TWO if for each x ∈ X , for
all but finitely many n, x ∈
⋃
Tn; else, ONE wins. The game was introduced in
[41] where it was shown in Theorem 27 that X is a Hurewicz space if, and only
if, ONE has no winning strategy in the Hurewicz game on X .
Theorem 37 Let κ > 0 be a cardinal number and let X be a subspace of R. If
X is a strong Hurewicz space, then 1P(κ) ‖− “Xˇ has the Hurewicz property ”.
Proof: Since a union of countably many Hurewicz spaces is a Hurewicz space,
we may assume that X is a subspace of [0, 1]. For each positive integer n, let
Ln be an n-dowment, as defined above.
Since X is a set of real numbers, it suffices to show that the following state-
ment is true in generic extensions by P(κ):
For each Gδ-set G ⊆ [0, 1] with X ⊆ G there is an Fσ-set F such
that X ⊆ F ⊆ G. (See Theorem 5.7 of [27]4.)
Thus, let a sequence (G˙n : n < ω) of P(κ)-names be given such that
1P(κ) ‖− “(∀n)(G˙n ⊆ [0, 1] is open and includes Xˇ and G˙n ⊇ G˙n+1)”
4This characterization of Hurewicz, suitably reformulated, holds in greater generality: [3]
extended the result to separable metric spaces, and [51] extended it to Lindelo¨f T3 spaces.
25
Then for each n let C˙n be a P(κ)-name such that
1P(κ) ‖− “(∀n)(C˙n = [0, 1] \ G˙n is compact and Xˇ ∩ C˙n = ∅)”
Then for each n, and for each x ∈ X ,
1P(κ) ‖− “(∃U˙n)(∃V˙n)(U˙n and V˙n open, and U˙n ∩ V˙n = ∅ and x ∈ U˙n, C˙n ⊆ V˙n)”
Choose for each x ∈ X and each n < ω a maximal antichain A(x, C˙n) ⊆ P(κ),
and for each p ∈ A(x, C˙n) a clopen (in X) interval Up(x, C˙n), a P(κ)-name
V˙p,x(C˙n) and a finite set Qp,x(C˙n) of pairs r < s of rational numbers such that
with I˙(r, s) the P(κ)-name for the open interval (rˇ, sˇ), p forces the conjunction
of the following three statements:
1. “V˙p,x(C˙n) =
⋃
{I˙(r, s) : (r, s) ∈ Qp,x(C˙n)}”,
2. “Uˇp(x, C˙n) ∩ V˙p,x(C˙n) = ∅”,
3. “C˙n ⊆ V˙p,x(C˙n)”.
In the ground model it is true that Up(x, C˙n) is disjoint from ∪{(r, s) : (r, s) ∈
Qp,x(C˙n)}, because 1P(κ) ‖− “(r, s)ˇ ⊆ I˙(r, s)”.
Then for each x, n and k choose a finite set Fk(x, C˙n) ⊆ A(x, C˙n) which is
a member of the k-dowment Lk. For fixed n and k define for each x
Unk (x) = ∩{Up(x, C˙n) : p ∈ Fk(x, C˙n)}
V˙ nk,x = ∩{V˙p,x(C˙n) : p ∈ Fk(x, C˙n)}
In the second case we have defined a P(κ)-name. For there is in the ground model
the corresponding finite set Qnk,x of pairs (r, s) of rational numbers obtained
from the corresponding finite sets Qp,x(C˙n), p ∈ Fk(x, C˙n) (by taking the set
of intersections of the finitely many rational intervals associated with the sets
Qp,x(C˙n)) such that V˙
n
k,x = ∪{I˙(r, s) : (r, s) ∈ Q
n
k,x}. Define in the ground
model the set vnk,x = ∪(r,s)∈Qnk,x(r, s). Observe that for each p ∈ Fk(x, C˙n) we
have p ‖− “Uˇnk (x) ∩ V˙
n
k,x = ∅”, and in the ground model we have U
n
k (x) ∩ v
n
k,x =
∅.
Next, for each n and k define Un,k = {Unk (x) : x ∈ X}, a ground-model
clopen cover of X . For each fixed n define a strategy σn of player ONE of the
Hurewicz game on X as follows:
Definition of σn(∅): σn(∅) = Un,1.
Suppose that TWO responds with the finite set T n1 ⊆ σn(∅).
Definition of σn(T
n
1 ): Fix a finite set {x
n,1
1 , · · · , x
n,1
ℓn
1
} ⊆ X with T n1 = {U
n
1 (x
n,1
i ) :
i ≤ ℓn1}. Define m
n
1 = max{|p| : p ∈ ∪i≤ℓn1 F1(x
n,1
i , C˙n)}. Then put
σn(T
n
1 ) = Un,mn1+1.
Suppose that TWO responds with the finite set T n2 ⊆ σn(T
n
1 ).
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Definition of σn(T
n
1 , T
n
2 ): Fix a finite set {x
n,2
1 , · · · , x
n,2
ℓn
2
} ⊆ X with T n2 =
{Unm1+1(x
n,2
i ) : i ≤ ℓ
n
2}. Define m
n
2 = max{|p| : p ∈ ∪i≤ℓn2 Fmn1+1(x
n,2
i , C˙n)}.
Then put
σn(T
n
1 , T
n
2 ) = Un,mn1+mn2+1,
and so on.
Since X has the Hurewicz property, σn is not a winning strategy for ONE.
Choose a σn-play lost by ONE, and let TWO’s sequence of moves in this play
be
T n1 , T
n
2 , · · · , T
n
k , · · ·
Then we have for each x ∈ X that for all but finitely many k, x ∈ ∪T nk . For
this sequence of moves by TWO fix the symbols xn,ki , ℓ
n
k and m
n
k as above in
the definition of the strategy σn.
Note that for each n we have: For each j, if p ∈ Fmn
1
+···+mn
j−1
+1(x
n,j
i , C˙n) for
some i ≤ ℓnj , then p ‖− “∪Tˇ
n
j ∩ V˙
n
j = ∅”, where henceforth V˙
n
j is a P(κ)-name
for V˙ nj−1 ∩ (∩i≤ℓnj V˙
n
j,x
n,j
i
).
Now consider an arbitrary p ∈ P(κ), and an arbitrary n. Consider any k
so large that |p| < mn1 + · · · + m
n
k−1 + 1. Then for each x
n,k
i , i ≤ ℓ
n
k , find
a qi ∈ Fmn
1
+···+mn
k−1
+1(x
n,k
i , C˙n) such that each pair {qi, p} has a common
extension, say ri. Then ri ‖− “(∀t ≥ k)(∪Tˇ nk ∩ V˙
n
t = ∅).” It follows that
p ‖− “(∃Sn ∈ [ωˇ]
ℵ0)(∀k ∈ Sn)(∀t ≥ k)(∪Tˇ nk ∩ V˙
n
t = ∅)”
Since p and n were arbitrary we find that in fact
1P(κ) ‖− “(∀n)(∃Sn ∈ [ωˇ]
ℵ0)(∀k ∈ Sn)(∀t ≥ k)(∪Tˇ nk ∩ V˙
n
t = ∅)”
In the ground model define a function F : X → ωω as follows:
F (x)(n) = min{k : (∀j ≥ k)(x ∈ ∪T nj )}.
Since for each basic open subset [(n1, · · · , nj)] of ωω we have
F−1[[(n1, · · · , nj)]] = ∩i≤j((∩t≥ni (∪T
i
j )) \ (∪T
i
ni−1)),
a Borel subset ofX , and thus F is a Borel function. SinceX is strongly Hurewicz
we fix an increasing g ∈ ωω such that for each x ∈ X , for all but finitely many
n, F (x)(n) < g(n).
Let G be P(κ)-generic. In V [G] we do the following:
For each n choose an infinite subset Sn of ω such that for each k ∈ Sn, for all
t ≥ k, ∪T nk ∩ V
n
t = ∅. Then, for each n, choose f(n) ∈ Sn with f(n) > g(n).
It follows that
• For each x, for all but finitely many n, x ∈ ∪T n
f(n).
• For each n, for all t ≥ f(n), ∪T n
f(n) ∩ V
n
t = ∅.
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For each k put Fk = ∩n≥k∪T nf(n), a closed set. By the second item above Fk is
disjoint from ∪n≥kCn, and thus included in ∩n≥kGn. Since each Gk is open it
is an Fσ-set and thus, setting Ek = Fk ∩G1 ∩ · · · ∩Gk−1, we find that Ek ⊆ G
is an Fσ-set. Also observe that X ∩ Ek = X ∩ Fk since X ⊆ G.
By the first item above, X ⊆ ∪k<ωEk, where the latter is an Fσ-set. It
follows that in V [G] the statement “there is an Fσ-set E with X ⊆ E ⊆ G” is
true. Since G was an arbitrary P(κ)-generic filter, we have now proven
1P(κ) ‖− “Xˇ is a Hurewicz space in the topology inherited from R˙.”
But since in the generic extension the topology of X generated by the ground
model topology of X is a subset of the topology X inherits from the real line of
the generic extension, it finally follows that5
1P(κ) ‖− “Xˇ is a Hurewicz space”. 
Problem 6 Does Cohen real forcing preserve the strong Hurewicz property?
Adding enough Cohen reals converts ground-model strongly Hurewicz spaces
to Gerlits-Nagy spaces in the generic extension:
Corollary 38 Let κ be an uncountable cardinal. For a space X ⊆ R, if X has
the strong Hurewicz property, then 1P(κ) ‖− “Xˇ has the Gerlits-Nagy property ”.
Proof: The Hurewicz property implies the Lindelo¨f property. Now apply The-
orem 11 and Theorem 37 to conclude that a ground-model strongly Hurewicz
subspace of R is converted to a Rothberger space which still has the Hurewicz
property. 
Random reals and the Hurewicz and Menger properties
Theorem 39 Let κ be an uncountable cardinal number. If X is a Lindelo¨f
space, the following are equivalent:
1. X has the Menger property.
2. 1B(κ) ‖− “Xˇ has the Menger property”.
Proof: Suppose that X is a Lindelo¨f space.
2⇒1: Suppose that for some positive element b of B(κ),
b ‖− “Xˇ has the Menger property Sωfin(O,O)”.
Let (Un : n < ω) be a ground-model sequence of open covers of X . We may
assume each Un is countable and enumerate it as (Unm : m < ω). Then
b ‖− “(Uˇn : n < ω) is a sequence of open covers of Xˇ”
5In general, if τ1 ⊆ τ2 are topologies on a space X and (X, τ2) has the Lindelo¨f, Rothberger,
Hurewicz or Menger property, then so does (X, τ1).
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and thus
b ‖− “(∃φ ∈ ωω)(∀x ∈ Xˇ)(∃∞n )(x ∈
⋃
j≤φ(n)
Unj )”
Now it is well-known that there is an f ∈ ωω such that
b ‖− “(∀∞n )(φ(n) < f(n))”.
Fix such an f : Then
b ‖− “(∀x ∈ Xˇ)(∃∞n )(x ∈
⋃
j≤f(n)
Unj )”
But all parameters in this last sentence are from the ground model, thus the
sentence is true in the ground model, and we find an f ∈ ωω such that setting
Vn = {Unj : j ≤ f(n)}, the sequence of Vn’s cover X . We conclude that X has
the Menger property in the ground model.
1⇒2: Consider a B(κ)-name (Un : n <∞) such that
1B(κ) ‖− “(Un : n <∞) is a sequence of open covers of Xˇ”
Since the ground-model topology is a basis for the topology of X in the generic
extension, we may assume that
1B(κ) ‖− “Each Un consists of sets open in the ground-model topology”
For each x ∈ X and each n, choose a maximal antichain Anx ⊆ B(κ) such
that whenever b ∈ Anx then there is a neighborhood V
n
b (x) of x such that
b ‖− “(∃U ∈ Un)(V nb (x) ⊆ U)”. Then choose a finite set L
n
x ⊆ A
n
x such that
µ(
⋃
Lnx) ≥ 1− (
1
2 )
n. Then put
Wn(x) =
⋂
{V nb (x) : b ∈ L
n
x}.
The set Gn := {Wn(x) : x ∈ X} is a ground-model open cover of X .
Claim 1: (∀x ∈ X)(∀b ∈ B(κ))(∃m < ∞)(∀n ≥ m)((∃V ∈ Gn)(x ∈ V ) ⇒
(∃r ≤ b)(r ‖− “(∃U ∈ Un)(V ⊆ U)”)).
To see this, consider an x ∈ X and a b ∈ B(κ). Choose m so large that
1
2m < µ(b). Consider any n ≥ m. There are V ∈ Gn with x ∈ V . Fix such a V ,
say V =Wn(y), some y ∈ X . Then we have:
µ(‖(∃U ∈ Un)(V ⊆ U)‖)) ≥ 1− (
1
2
)n.
Set r = b ∩ ‖(∃U ∈ Un)(V ⊆ U)‖. This completes the proof of Claim 1.
Observe that the “m” in Claim 1 can be replaced with any larger value.
Since X has the Menger property in the ground model, choose there for each n
a finite set Hn ⊆ Gn such that
(∀x ∈ X)(∃∞n )(x ∈
⋃
Hn).
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Claim 2: Dmx = {b ∈ B(κ) : (∃n > m)(∃V ∈ Hn)(x ∈ V and b ‖− “(∃U ∈
Uˇn)(V ⊆ U)”)} is dense in B(κ).
To see this, consider x ∈ X and m < ∞. Consider any b ∈ B(κ). Choose
by Claim 1 an M > m such that for any n ≥ M , if there is a V ∈ Gn with
x ∈ V , then there is an r ≤ b such that r ‖− “(∃U ∈ Un)(V ⊆ U)”. Then choose
n > M with x ∈ Hn. Apply Claim 1 to obtain a member q of Dmx with q < b.
This completes the proof of Claim 2.
Now let G be a B(κ)-generic filter. For eachm and x ∈ X choose a b(m,x) ∈
Dmx ∩G. Then choose n(m,x) > m and H(m,x) ∈ Hn(m,x) with x ∈ H(m,x).
Now b(m,x) ‖− “(∃U ∈ Un(m,x))(H(m,x) ⊆ U)”, and thus this forced sentence
is true in the generic extension by G. In the generic extension choose for each
such n, and for each V ∈ Hn for which it is possible, a UV ∈ Un with V ⊆ UV ,
and let Jn be the set of such chosen UV ’s. Then in the generic extension: For
each n, Jn is a finite subset of Un, and
⋃
n<∞ Jn is an open cover of X . It
follows that in the generic extension X has the Menger property. Since this
holds for all B(κ)-generic filters, 1⇒ 2 is proven. 
Next we take up preservation and non-preservation of the Hurewicz property
under forcing with B(κ).
Theorem 40 For X a topological space: If 1B(κ) ‖− “Xˇ has the Hurewicz property”,
then X has the Hurewicz property
Proof: The proof of Theorem 36 adapts to this case. 
Unlike the case of Cohen reals forcing, for T1 regular Lindelo¨f spaces the
Hurewicz property is preserved by random real forcing. In preparation for prov-
ing this, note first that regular Lindelo¨f spaces are normal, thus completely
regular. Since such a space is T1, it embeds as a subspace of [0, 1]
κ for some
large enough cardinal κ. Since homeomorphisms preserve both the Hurewicz
and the non-Hurewicz properties, we may restrict attention to subsets of [0, 1]κ.
First, we prove the result for κ = ω, the case of separable metric spaces. Then
we return to the more general case. For the special case of a separable metric
space we use the following alternate characterization of the Hurewicz property
of subsets of [0, 1]N, the Hilbert cube H:
Proposition 41 ([27]) A subspace X of H has the Hurewicz property if, and
only if, for each Gδ subset G of H with X ⊆ G, there is an Fσ subset F of H
with X ⊆ F ⊆ G.
Proof: See Theorem 5.7 of [27]: The proof given there is for the real line, but
adapts easily to the Hilbert cube. 
More generally this argument also applies to characterizing Hurewicz subsets
of [0, 1]λ. We shall also need the following observation:
Lemma 42 Let λ be an uncountable cardinal number and let X be a Lindelo¨f
subset of [0, 1]λ. For each Gδ-set G ⊆ [0, 1]
λ such that X ⊆ G there is a Gδ set
H and a countable set C ⊆ λ such that
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1. X ⊆ H ⊆ G and
2. H is homeomorphic to ΠC [H ]× [0, 1]λ\C .
Proof: First, consider an open set U ⊆ [0, 1]λ with X ⊆ U . Choose for each
x ∈ X a basic open set B(U, x) of the form Πα∈λSα ⊆ U where
F (U, x) = {α ∈ λ : Sα is a proper open subset of [0, 1] with rational endpoints }
is finite. Then {B(U, x) : x ∈ X} is an open cover of X and thus has a countable
subset, {B(U, xn) : n < ω} which covers X . Then CU = ∪n<ωF (U, xn) is a
countable subset of λ, and V = ∪n<ωB(U, xn) is an open set with X ⊆ V ⊆
U , and for any countable set D with CU ⊆ D ⊆ λ, V is homeomorphic to
ΠD[V ]× [0, 1]λ\D.
Next, let G be a Gδ set containing X , and choose open sets U1 ⊇ U2 ⊇ · · · ⊇
Un ⊇ · · · such that G = ∩n<ωUn. Applying the preceding remarks consecutively
to each Un we find open sets Vn and countable sets Cn ⊆ λ such that for each
n we have
1. Un ⊇ Vn ⊇ Vn+1 ⊇ X ;
2. Cn ⊆ Cn+1;
3. For each countable D with Cn ⊆ D ⊆ λ, Vn is homeomorphic to ΠD[Vn]×
[0, 1]λ\D.
Finally put H = ∩n<ωVn, and C = ∪n<ωCn. 
Theorem 43 Let κ be an uncountable cardinal number. If X is a T3 Hurewicz
space then
1B(κ) ‖− “Xˇ has the Hurewicz property”.
Proof: First we treat the case of subspaces of the Hilbert cube H. Thus, assume
X ⊆ H has the Hurewicz property. Assume that
1B(κ) ‖− “G˙ ⊆ H˙ is a Gδ-set and Xˇ ⊆ G˙.”
Fix B(κ)-names G˙n, n < ω, such that
1B(κ) ‖− “(∀n)(G˙n ⊇ G˙n+1 ⊇ G˙ are open and G˙ =
⋂
n<ω
G˙n.”
We may assume that for each n we have B(κ)-names C˙n such that:
1B(κ) ‖− “(∀n)(C˙n = H˙ \ G˙n, a nonempty compact set).”
Let an ǫ > 0 be given. Consider a fixed n. For each x ∈ X we have
1B(κ) ‖− “xˇ 6∈ C˙n”. For each x choose a basic neighborhood Un(x) and a
B(κ)-name V˙n,x so that
µ(‖(C˙n ⊆ V˙n,xˇ open, and Uˇn(xˇ) ∩ V˙n,xˇ = ∅)‖) ≥ 1−
ǫ
2n
.
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Now Un = {Un(x) : x ∈ X} is an open cover of X .
Applying the fact that X is Hurewicz, choose for each n a finite set Fn ⊆ Un
such that for each x ∈ X , for all but finitely many n, x ∈
⋃
Fn. For each x ∈ X
choose an N(x) ∈ N such that for all n ≥ N(x) we have x ∈
⋃
Fn.
For each n let In be a finite set for which (Un(xi) : i ∈ In) is a bijective
enumeration of Fn. Then for each n define a B(κ)-name V˙n so that 1B(κ) ‖−
“V˙n =
⋂
i∈Iˇn
V˙n,xˇi . For each n we have µ(‖(
⋃
Fˇn)
⋂
V˙n = ∅‖) ≥ 1−
ǫ
2n .
For fixed N define XN = {x ∈ X : N(x) = N}. Then, for all n ≥ N ,
XN ⊆
⋃
Fn, and so, for each n ≥ N , µ(‖XˇN ∩ V˙n = ∅‖) ≥ 1 −
ǫ
2n and
consequently µ(‖XˇN ∩ (
⋃
n≥N V˙n) = ∅‖) ≥ 1 − ǫ
∑∞
n=N
ǫ
2n = 1 −
ǫ
2N−1 . This
gives µ(‖XˇN ⊆ H˙ \ (
⋃
n≥N V˙n)‖) ≥ 1−
ǫ
2N−1 .
Consequently we find:
µ(‖XˇN ⊆ (H˙ \ (
⋃
n≥N
V˙n) ∩ (
⋂
n<N
G˙n)) ⊆ G˙‖) ≥ 1−
ǫ
2N−1
.
But then, since ‖H˙ \ (
⋃
n≥N V˙n) is σ-compact and
⋂
n<N G˙n is σ-compact‖ =
1B(κ), we find that there is a B(κ)-name F˙N such that
µ(‖(F˙N is σ-compact and XˇN ⊆ F˙N ⊆ G˙)‖ ≥ 1−
ǫ
2N−1
.
Since we also have µ(‖Xˇ ⊆
⋃∞
n=1 F˙n‖) ≥ 1 − ǫ · (
∑∞
n=1
1
2n−1 ) = 1 − 2 · ǫ, we
conclude that µ(‖(∃ a σ-compact set F˙ )(Xˇ ⊆ F˙ ⊆ G˙‖) ≥ 1− 2 · ǫ. As ǫ > 0 was
arbitrary it follows that
1B(κ) ‖− “(∀ Gδ set G˙ ⊆ H˙)(∃ an Fσ-set F˙ )(Xˇ ⊆ F˙ ⊆ G˙)”.
By Proposition 41 we have 1B(κ) ‖− “Xˇ is Hurewicz”.
Next we consider the general case: Let X be a T3 Hurewicz space and let
λ be the least infinite cardinal such that X is homeomorphic to a subspace of
[0, 1]λ. We may assume that λ is uncountable. Write Hλ for [0, 1]
λ.
Assume that 1B(κ) ‖− “G˙ ⊆ Hλ is a Gδ set and Xˇ ⊆ G˙ ⊆ H˙λ”. Since the
random real forcing notion preserves the Lindelo¨f property, we have 1B(κ) ‖−
“Xˇ is Lindelo¨f”. Thus, by Lemma 42, we may assume G˙ is such that there is a
name C˙ such that
1B(κ) ‖− “C˙ is a countable subset of λˇ and G˙ is homeomorphic to ΠC˙ [G˙]×[0, 1]
λˇ\C˙”.
Since B(κ) has the countable chain condition, choose a countable set C ⊆ λ
such that 1B(κ) ‖− “C˙ ⊆ Cˇ”. Then we have
1B(κ) ‖− “G˙ is homeomorphic to ΠCˇ [G˙]× [0, 1]
λˇ\Cˇ”.
Since in the ground model ΠC [X ] is Hurewicz the first part implies:
1B(κ) ‖− “ΠCˇ [Xˇ ] ⊆ ΠCˇ [G˙], a Gδ subset of [0, 1]
Cˇ and ΠCˇ [Xˇ] is Hurewicz”.
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Choose a B(κ) name F˙ such that
1B(κ) ‖− “F˙ ⊆ H˙
Cˇ is an Fσ set and ΠCˇ [Xˇ ] ⊆ F˙ ⊆ ΠCˇ [G˙]”.
But then applying the inverses of the projection maps we find
1B(κ) ‖− “Π
←
Cˇ
[F˙ ] ⊆ H˙λˇ is an Fσ set and Xˇ ⊆ Π
←
Cˇ
[F˙ ] ⊆ G˙”.
It follows that 1B(κ) ‖− “Xˇ is a Hurewicz space.” 
Forcing with countably closed partially ordered sets.
The Tychonoff power {0, 1}ω1 of the two-point discrete space is compact and
thus has the Hurewicz (and thus Menger) property. But it is not indestructibly
Lindelo¨f, and so unlike the Rothberger property (Theorem 20), the Hurewicz
and Menger properties are not preserved by countably closed forcing. Juha´sz’s
spaces (Section 4, Example 4) are Hurewicz spaces but not indestructibly Lin-
delo¨f and so give points Gδ examples of this fact. Call a space indestructibly
Hurewicz (respectively indestructibly Menger) if in any generic extension by a
countably closed partially ordered set the space is still Hurewicz (respectively
Menger). It is clear that indestructibly Hurewicz implies indestructibly Menger,
which implies indestructibly Lindelo¨f. The converse implications are false. How-
ever virtually the same proof as that of Theorem 20 gives:
Theorem 44 The following are equivalent for a space X:
1. X is indestructibly Hurewicz.
2. X has the Hurewicz property and is indestructibly Lindelo¨f.
Theorem 45 The following are equivalent for a space X:
1. X is indestructibly Menger.
2. X has the Menger property and is indestructibly Lindelo¨f.
When Lindelo¨f implies Gerlits-Nagy
Gerlits and Nagy also introduced the notion of a γ space in [18]: According
to [18] an open cover U of a space X is an ω-cover if X 6∈ U , but for each
finite set F ⊆ X there is a U ∈ U such that F ⊆ U . The symbol Ω denotes
the collection of (open) ω-covers of a space. Call an open cover U of a space a
γ-cover if it is infinite, and each infinite subset of U still is a cover of X . Let Γ
denote the collection of (open) γ-covers of a space.
Then a space is a γ-space if the selection principle Sω1 (Ω,Γ) holds: For each
sequence (Un : n ∈ N) there is a sequence (Un : n ∈ N) such that for each n,
Un ∈ Un, and each x ∈ G is in all but finitely many Un’s. Each γ-space is a
Gerlits-Nagy space.
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A topological space is a P-space if each countable intersection of open sets is
still an open set. According to [18] the implication 1⇒ 4 in Theorem 46 is due
to F. Galvin. Since the remainder of these implications are trivial, we attribute
this theorem to Galvin:
Theorem 46 (Galvin) Let X be a P-space. The following are equivalent:
1. X is Lindelo¨f.
2. X is a Rothberger space.
3. X is a Gerlits-Nagy space.
4. X is a γ-space.
Proof: It is clear that 4 ⇒ 3 ⇒ 2 ⇒ 1. For the implication 1 ⇒ 4, see the
Lemma preceding Theorem 3 of [18]. 
In particular, Lindelo¨f P-spaces are indestructibly Lindelo¨f.
L. Zdomskyy [59] (Theorem 5) proved that it is consistent, relative to the
consistency of ZFC, that for regular Lindelo¨f spaces the Rothberger property is
equivalent to the Gerlits-Nagy property6. The Continuum Hypothesis implies
the existence of a Lusin set of real numbers. Lusin sets do not have the Gerlits-
Nagy property, but have the Rothberger property. Among general topological
spaces Lusin spaces need not be Rothberger spaces. This can be seen by consid-
ering a Sierpin´ski set of reals in the density topology. But Sierpinski sets have
the Menger property in the density topology and, depending on axioms, may
have the Hurewicz property in the density topology. For more on these matters
see [2] and [42].
Gerlits-Nagy spaces and products.
Next we examine products in the class of Gerlits-Nagy spaces. Corollary 47
solves Problem 6.6 of [55] and Problems 3.1 through 3.3 of Samet and Tsaban,
listed in Section 3 of [54]:
Corollary 47 It is consistent that there is a set X of real numbers such that
X has the Gerlits-Nagy property while X2 does not, and yet all finite powers of
X have the Rothberger property.
Proof: Start with a model of CH. Take a Sierpin´ski set X such that X×X does
not have the Menger property (see for example the remark following Theorem
2.1 of [27]). Sierpin´ski sets are strongly Hurewicz (see e.g. [43]). Since X is a
separable metric space it has the Lindelo¨f property in all finite powers.
6Zdomskyy shows that u < g implies that regular Rothberger spaces have the Hurewicz
property. Zdomskyy states that the blanket assumption for the paragraph containing The-
orem 5’s proof is that the spaces are hereditarily Lindelo¨f. This hypothesis is not used in
proving Theorem 5, but is used in applying the result of Theorem 5 to an additivity problem.
Zdomskyy states his results for paracompact Lindelo¨f spaces. It is well-known that regular
Lindelo¨f spaces are paracompact.
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Now add ω1 Cohen reals. By Theorem 11, in the generic extension X has
the Rothberger property in all finite powers (thus the Menger property in all
finite powers). By Theorem 37, in the generic extension X has the Hurewicz
property and thus the Gerlits-Nagy property, but by Theorem 36 X2 does not
have the Hurewicz property, and thus not the Gerlits-Nagy property. 
4 Examples
The following diagram indicates the relationships among the main classes of
Lindelo¨f spaces considered in this paper:
Gerlits-Nagy
{Example 2}
Rothberger
{Lusin set}
Ind. Lindelo¨f
{Irrationals}
Hurewicz
{Example 4}
Menger
. Lindelo¨f.
✲ ✲
✻ ✻ ✻
✲ ✲
Figure 1: Classes of points Gδ Lindelo¨f spaces
In Figure 1 we depict the relationship among six classes of uncountable
Lindelo¨f spaces with points Gδ. The spaces in the bottom row are indestructibly
Lindelo¨f, while the spaces in the top row are not. Example 2 demonstrates that
in ZFC the class in the bottom left is nonempty. Example 4 demonstrates that in
ZFC the class of Hurewicz spaces are not included in the class of indestructibly
Lindelo¨f spaces.
Except for the Rothberger and Gerlits-Nagy classes, the remaining classes
are all distinct in ZFC: since the example in the top left corner is not a space as
in the bottom right corner, no implication to the top row is an equivalence. Since
the space of irrationals is not Menger, no implication from the middle column
to the right column is an equivalence. It is consistent that also no implication
from the first column is an equivalence: since a Lusin set is not Hurewicz, no
implication from the first column to the middle one is an equivalence. For regu-
lar Lindelo¨f spaces it is independent whether the Rothberger and Gerlits-Nagy
classes are distinct. It is true in ZFC that Menger does not imply Hurewicz.
Example 1 One-point compactification of an uncountable discrete space:
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Let X be an uncountable discrete space and let X∗ denote its one-point
compactification. Let ∞ be the additional point. Then X∗ is a Rothberger
space but the point∞ is not a Gδ. Being compact, X∗ is also a Hurewicz space,
and thus a Gerlits-Nagy space.
Example 2Moore’s L-space is hereditarily Rothberger and hereditarily Hurewicz:
In [34] Moore solved the famous L-space problem by constructing a non-
separable zero-dimensional hereditarily Lindelo¨f subspace X of the ω1-power of
the unit circle. This space has among others the following properties:
1. |X | = ℵ1;
2. X is non-separable;
3. X2 is not Lindelo¨f;
4. X remains a hereditarily Lindelo¨f space in c.c.c. generic extensions;
5. Every continuous metrizable image of any subspace of X is countable.
Item 5 implies that X is hereditarily Rothberger: consider a subspace Y of X ,
which we may assume is infinite. Let (Un : n < ∞) be a sequence of open
covers of Y . Since Y is zero-dimensional and Lindelo¨f we may assume each Un
is countable and disjoint and enumerate it as (Unk : k < ∞). Define a function
F : Y → ωω so that for y ∈ Y we have: F (y)(m) = k if, and only if, y ∈ Umk .
Then F is continuous and so by item 5, F [Y ] is a countable subset of ωω. Choose
a g ∈ ωω such that for each y ∈ Y the set {n : F (y)(n) = g(n)} is infinite.
Then (Un
g(n) : n <∞) witnesses the Rothberger property of Y for the sequence
(Un : n <∞).
Since countable subsets of ωω are bounded, we also see that X has the
Hurewicz property hereditarily. Thus, X is hereditarily a Gerlits-Nagy space.
It follows from item 3 that X is a ZFC example of the total failure of
preservation of selection properties under finite powers. Since the space is a
Lindelo¨f subspace of a power of a Tychonoff space, it is T4. And then, since
it is hereditarily Lindelo¨f, its points are Gδ: consider an x ∈ X . For each
y ∈ X \ {x} choose an open neighborhood Uy whose closure does not contain x.
Then {Uy : y ∈ X \{x}} is an open cover of X . Since X \{x} is Lindelo¨f, choose
a countable subset coveringX \{x}. The complements of the closures of the sets
in this countable cover witness that x is a Gδ point. Moore’s spaces are also not
first countable (following from item 4) but they are Fre´chet. These spaces can
also be realized as subspaces of (ω1Z, T ), where T is the usual product topology
on ω1 copies of the discrete space of integers. Moreover, as TWO has a winning
strategy in Gω11 (O,O) on X , X remains hereditarily Lindelo¨f in every countably
closed forcing extension.
Example 3 Gorelic’s example:
Gorelic’s space, G, is obtained by countably closed forcing P. An uncount-
able cardinal number κ with κℵ1 = κ is taken, and then a subspace G ⊆ κ{0, 1}
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of cardinality κ is obtained in a generic extension which has 2ℵ1 = κ, such that
G is zero-dimensional, Lindelo¨f, and has each point Gδ.
Indeed, G has both the Rothberger property and the Hurewicz property, as
we shall now show. Towards this we first describe Gorelic’s construction: first,
choose a partition of κ into pairwise disjoint countable sets Aα, α < κ. And for
each β < κ choose a countable dense subset Hβ of
Aβ{0, 1} and enumerate it as
{hβα : α ∈ Aβ}.
The elements of P are pairs (F, T ) where F and T are as follows:
• Both F and T are countable sets;
• There is a countable set C ⊆ κ such that each element of F is a function
with domain D =
⋃
β∈C Aβ ;
• F can be indexed as {fξ : ξ ∈ D} such that whenever β ∈ C and α ∈ Aβ
then fα⌈Aβ = hβα;
• Each element of T is a set B ⊆ Fn(D, 2), with {[σ] ⊆ A{0, 1} : σ ∈ B} a
cover of F .
The order on P is defined as follows:
q = (F2, T2) ≤ (F1, T1) = p
if, letting Cp and Cq be the associated C’s, and Dp and Dq the associated D’s,
we have:
1. Cq ⊇ Cp;
2. For each α ∈ Dp, f
q
α⌈Dp= f
p
α;
3. Tq ⊇ Tp.
When H is a P-generic filter, put for each α ∈ κ,
fα =
⋃
{fpα : p ∈ H and α ∈ Dp}.
Then put G = {fα : α ∈ κ}. Let Γ be a P-name for G.
Here are some observations about p = (F, T ) ∈ P (in the above notation):
1. If U ∈ T then p ‖− “(∀f ∈ Γ)(∃σ ∈ U)(σ ⊆ f)”.
2. If τ is a P-name such that p ‖− “τ is a cover of Γ by basic open sets” then
there is a q < p with a B ∈ Tq such that q ‖− “{[σ] ⊆ κ{0, 1} : σ ∈ B} ⊆
τ covers Γ”.
3. ForB ⊆ Fn(Dp, 2) such that {[σ] ⊆ Dp{0, 1} : σ ∈ B} covers F ⊆ Dp{0, 1}
put q = (F, T ∪ {B}). Then q ∈ P and q ≤ p.
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By the first item above, p forces that {[σ] ⊆ κ{0, 1} : σ ∈ B} is an open cover
of G whenever B ∈ Tp.
To see that for each p ∈ P we have
p ‖− “Γ has the Rothberger property”
consider P-names τn such that
p ‖− “(∀n)(τn is a basic open cover of Γ)”
Now using the second remark above, recursively choose a sequence pn = (Fn, Tn)
and Bn, n <∞, such that:
1. Bn ∈ Tn and pn ‖− “{[σ] ⊆ κ{0, 1} : σ ∈ Bn} ⊆ τn covers Γ”.
2. p1 < p and for all n, pn+1 < pn.
Put D =
⋃
n<∞Dpn , a countable subset of κ, and for α ∈ D put fα = ∪{f
pn
α :
α ∈ Dpn}. Put F = {fα : α ∈ D} and T =
⋃
{Tn : n <∞}. Then q = (F, T ) is
an element of P and for all n, q ≤ pn.
Now F ⊆ D{0, 1} is countable, and for each n, Un = {[σ] ⊆ D{0, 1} : σ ∈
Bn} is an open cover of F . Since F is countable we can choose for each n a
σn ∈ Bn such that {[σn] ⊆
D{0, 1} : n < ∞} is an open cover of F . Note that
B = {σn : n <∞} ⊆ Fn(D, 2). But then we have
pω = (F, T ∪ {B}) ∈ P.
Then B witnesses7 that
pω ‖− “(∀n)(∃Un ∈ τn)({Un : n <∞} covers Γ)”.
We have shown that the set of conditions forcing that G has the Rothberger
property is dense below any element of P.
To show that G has the Hurewicz property, instead of choosing singletons
from each Bn choose finite sets such that each element of F is covered by all but
finitely many of the unions of these finite sets, and let the B in the definition of
pω be the union of these finite sets.
With a little bit more work one can show that G is a γ-space. It follows that
G is a γ-space with points Gδ and yet has cardinality 2
ℵ1 > ℵ1 = 2ℵ0 .
Example 4 Juha´sz’s examples:
In [26], Example 7.2, Juha´sz gave examples of Lindelo¨f spaces with points
Gδ which are of arbitrary large cardinality below the first measurable cardinal.
We give, for the reader’s convenience, the description from [50] for these.
Consider an infinite cardinal κ less than the first measurable cardinal. Re-
cursively define
κ0 = κ
κn+1 = 2
κn
κω = sup{κn : n <∞}
7Define the P-name µ = {(〈n, σn〉, 1) : n <∞}. Then check that pω forces that µ codes a
sequence of such Un’s.
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For an infinite set S, let F(S) denote the set of non-principal ultrafilters
on S. For A ⊆ S put Aˆ = {U ∈ F(S) : A ∈ U}. And for U ∈ F(F(S)) put
U ′ = {A ⊆ S : Aˆ ∈ U}. Then U ′ is an ultrafilter and a member of F(S).
Define J0 = κ and for each n define Jn+1 = F(Jn) Finally, put Jκ =⋃
n<∞ Jn.
Now for each n, and for U ∈ Xn+1 define U (i) for i ≤ n as follows:
U (0) = U , U (i+1) = (U (i))′.
The topology on Jκ is defined by describing neighborhood bases for points:
• Points of J0 are isolated;
• For U ∈ Jn+1, all sets of the form
{U} ∪ (
n⋃
i=0
A(i)), A(i) ∈ U (i), 0 ≤ i ≤ n.
constitute a neighborhood base of U .
These spaces are not T2. Juha´sz showed in [26] that these spaces have each
point Gδ. Tall showed in [50] Theorem 19 that these spaces are destructibly
Lindelo¨f. Thus, they are not Rothberger.
The following crucial observation of Juha´sz provides a tool to show that
spaces of the form Jκ are Hurewicz:
Lemma 48 (Juha´sz) For any set S and function f : F(S) −→ P(S) such
that for each U ∈ F(S) we have f(U) ∈ U , there are finitely many ultrafilters
U1, · · · Un in F(S) such that |S \
⋃
1≤i≤n f(Ui)| < ℵ0.
Lemma 48 implies for each n that from each open cover of Jn+1 one can choose
finitely many members whose union covers all but finitely many points of Jn.
We can show that the property of this Lemma is preserved in the random real
extension, and thus Jκ remains a Hurewicz space in the random real extension.
We don’t know if this is also the case with Cohen reals.
Lemma 49 For each infinite cardinal κ the space Jκ has the Hurewicz property.
Proof: Apply Lemma 48: given a sequence (Gn : n <∞) of open covers of Jκ,
choose for each n a finite set Hn ⊆ Gn which covers ∪i≤nJi. It follows that each
element of Jω is contained in all but finitely many ∪Hn. 
Another interesting property of these spaces is given in Theorem 21 of [5]:
Theorem 50 (Baumgartner-Tall) Jκ does not have a Lindelo¨f subspace of
cardinality ℵ1.
Consider Jκ from the ground model in a generic extension by P(ℵ1), the
partially ordered set for adding ℵ1 Cohen reals. By Theorem 11 Jκ acquired the
Rothberger property. Now recall Lemma 25 of [5]:
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Lemma 51 (Baumgartner-Tall) Suppose X is a space in the ground model.
Force with a Property K partial order. Then if X has a Lindelo¨f subspace of size
ℵ1 in the extension, it has one in the ground model.
Both the Cohen reals partial order P(κ) and the random reals partial order B(κ)
have property K.
It follows that Jκ still does not have a Lindelo¨f subspace of cardinality ℵ1 in
the generic extension. Thus, it is consistent relative to the consistency of ZFC
that there are spaces of arbitrary large cardinality below the first measurable
cardinal which have points Gδ and the Rothberger property, and no Lindelo¨f
subspace of cardinality ℵ1
Examining Corollary 24 of [5] we see that it is consistent that there is a T1
Rothberger space of cardinality ℵ2 = (2ℵ0)+ which has no Lindelo¨f subspace
of cardinality ℵ1. Indeed: if we take a Jκ, add ℵ1 Cohen reals to make it a
Rothberger space, and then collapse its cardinality to ℵ2 with conditions of size
≤ ℵ1, we obtain a Rothberger space with no Lindelof subspace of size ℵ1.
Example 5 Koszmider and Tall’s example:
Juha´sz’s spaces are not T2 but have points Gδ. In [30] Koszmider and Tall
constructed by countably closed forcing P over a model of CH a subspace K
of (ω22, T2). Thus K is a P-space which is T3 and Lindelo¨f (thus T4), is of
cardinality ℵ2, and it has no Lindelo¨f subspace of cardinality ℵ1. It follows
from Theorem 46 that K has the Gerlits-Nagy property and yet fails to have a
Lindelo¨f subspace of cardinality ℵ1.
Example 6 Stationary Aronszajn lines:
In [53] Todorcˇevic´ investigates the status of certain selection principles on
the class of Aronszajn lines. These are first countable spaces, and in Theorem 1
of [53] it is shown that stationary Aronszajn lines are Rothberger spaces. The-
orem 3 of [53], combined with a result of [7] that for each Lindelo¨f space X , if
each continuous function from X to ωR is bounded in the eventual domination
order, then the space X is a Hurewicz space, shows these also have the Hurewicz
property. Thus, the stationary Aronszajn lines have the Gerlits-Nagy property.
In Theorem 6 of [53] Todorcˇevic´ shows that the more restrictive class of sta-
tionary Countryman lines indeed are γ-spaces, and that though this property is
preserved by finite powers, it is not preserved by finite unions, and not even the
Lindelo¨f property is preserved by finite products of γ-spaces. Since the Roth-
berger property and the Hurewicz property are preserved by countable unions,
these examples also demonstrate that the class of γ spaces is more restrictive
than the class of Gerlits-Nagy spaces. Each of the mentioned examples can be
taken to be a space of cardinality ℵ1.
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